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1. Introduction

The resultant, which gives conditions for an over-determined system of polynomial equations to
have common solutions, is a basic concept in algebraic geometry and a powerful tool in elimination
theory (Canny, 1990; Cox et al., 1998; Eisenbud et al., 2004; Hodge and Pedoe, 1968; Jouanolou, 1991;
Sturmfels, 1993). The concept of sparse resultant originated from the work of Gelfand, Kapranov, and
Zelevinsky on generalized hypergeometric functions, where the central concept of A-discriminant
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is studied (Gelfand et al., 1994). Kapranov, Sturmfels, and Zelevinsky introduced the .4-resultant
(Kapranov et al., 1992). Sturmfels further introduced the general mixed sparse resultant and gave
a single exponential algorithm to compute the sparse resultant (Sturmfels, 1993, 1994). Canny and
Emiris showed that the sparse resultant is a factor of the determinant of a Macaulay style matrix
and gave an efficient algorithm to compute the sparse resultant based on this matrix representation
(Emiris and Canny, 1995). A precise determinant representation for the sparse resultant was given
by D’Andrea (2002). Recently, a rigorous definition for the multivariate differential resultant was pre-
sented (Gao et al., 2013) and also the theory of sparse differential resultants for Laurent differentially
essential systems was developed (Li et al., 2011, 2012).

In this paper, the concept of sparse difference resultant for a Laurent transformally essential system
consisting of n+ 1 Laurent difference polynomials in n difference variables is introduced and its basic
properties are proved. A criterion is given to check whether a Laurent difference system is essential in
terms of their supports, which is conceptually and computationally simpler than the naive approach
based on the characteristic set method. The concept of transformal homogeneity is introduced and it
is proved that the sparse difference resultant is transformally homogeneous. It is also shown that the
sparse difference resultant is equal to the algebraic sparse resultant of a generic sparse polynomial
system, and hence has a determinant representation.

It is shown that the vanishing of the sparse difference resultant gives a necessary condition for
the corresponding difference polynomial system to have nonzero solutions, which is also sufficient in
a certain sense. The concepts of difference projective space and transformal completeness are intro-
duced and the projective space is shown to be not transformally complete using the sparse difference
resultant for a set of specific difference polynomials. It is a classic result that the algebraic projec-
tive space is complete (Eisenbud, 1995, p. 303) and the differential projective space is not complete
(Kolchin, 1974).

We give order and degree bounds for the sparse difference resultant. It is shown that the order
and effective order of the sparse difference resultant can be bounded by the Jacobi number of the
corresponding difference polynomial system and the degree can be bounded by a Bézout type bound.
Based on these bounds, an algorithm is given to compute the sparse difference resultant. The com-
plexity of the algorithm in the worst case is single exponential in terms of the number of variables,
the degree, the Jacobi number, and the size of the Laurent transformally essential system, respectively.

For the difference resultant, which is non-sparse, more and better properties are proved including
its precise order and degree, a determinant representation, and a Poisson-type product formula.

Although most properties for sparse difference resultants and difference resultants are similar
to their differential counterparts given in Li et al. (2012) and Gao et al. (2013), some of them
are quite different in terms of descriptions and proofs due to the distinct nature of the differ-
ential and difference operators. First, the definition for the difference resultant is more subtle
than the differential case as illustrated by Problem 23. Second, the criterion for Laurent transfor-
mally essential systems given in Section 3.3 is quite different and much simpler than its differ-
ential counterpart given in Li et al. (2012). Also, determinant representations for the sparse dif-
ference resultant and the difference resultant are given in Sections 5 and 7, but such a represen-
tation is still not known for differential resultants (Zhang et al., 2012; Rueda and Sendra, 2010;
Rueda, 2013). Finally, there does not exist a definition for homogeneous difference polynomials, and
the definition given in this paper is different from its differential counterpart (Li and Gao, 2012).

The rest of the paper is organized as follows. In Section 2, we prove some preliminary results. In
Section 3, we first introduce the concepts of Laurent difference polynomials and Laurent transformally
essential systems, and then define the sparse difference resultant for Laurent transformally essential
systems. Basic properties of the sparse difference resultant are proved in Section 4. In Section 5, the
sparse difference resultant is shown to be the algebraic sparse resultant for a certain generic poly-
nomial system. In Section 6, we present an algorithm to compute the sparse difference resultant. In
Section 7, we introduce the notion of difference resultant and prove its basic properties. In Section 8,
we conclude the paper by proposing several problems for future research. An extended abstract of
this paper appeared in the proceedings of ISSAC2013 (Li et al., 2013). Besides detailed proofs and
further results, Section 5 is newly added.
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2. Preliminaries

In this section, some basic notations and preliminary results in difference algebra will be given. For
more details about difference algebra, please refer to Cohn (1965), Hrushovski (2004), Levin (2008)
and Wibmer (2013).

2.1. Difference polynomial ring

An ordinary difference field F is a field with a third unitary operation o satisfying that for any
a,be F,o(@+b)=o0()+ o), o(a)=oc(a)o (), and o(a) =0 if and only if a =0. We call o the
transforming operator of F. If a € F, o (a) is called the transform of a and is denoted by a'. And
for ne Z*, o™(a) = o™ (o (a)) is called the n-th transform of a and denoted by a™, with the usual
assumption a@@ = a. By /™ we mean the set {a,aV,...,a™}. If ~'(a) is defined for each a € F,
we say that F is inversive. A typical example of difference field is Q(x) with o (f(x)) = f(x + 1). All
difference fields in this paper are assumed to be inversive with characteristic zero.

Let S be a subset of a difference field G which contains F. We will denote respectively by F[S],
F(S), F{S}, and F(S) the smallest subring, the smallest subfield, the smallest difference subring, and
the smallest difference subfield of G containing F and S. If we denote ®(S) = {o*(a) |k > 0,a € S},
then we have F{S} = F[O(S)] and F(S) = F(O(S)).

A subset S of a difference extension field G of F is said to be transformally dependent over F if
the set {o*(a) |a € S, k > 0} is algebraically dependent over F, and otherwise, it is said to be transfor-
mally independent over F, or to be a family of difference indeterminates over F. In the case S consists
of only one element o, we say that « is transformally algebraic or transformally transcendental over F,
respectively. A maximal subset 2 of G which is transformally independent over F is said to be a
transformal transcendence basis of G over F. We use o.tr.degG/F to denote the transformal tran-
scendence degree of G over F, which is the cardinal number of §2. Considering F and G as ordinary
algebraic fields, we denote the algebraic transcendence degree of G over F by tr.degG/F.

Now suppose Y = {y1, y2,..., ¥n} is a set of difference indeterminates over F. The elements of
F{Y} = }'[y;.k) :j=1,...,n;k € Ng] are called difference polynomials over F in Y, and F{Y} itself is
called the difference polynomial ring over F in Y. A difference ideal Z in F{Y} is an ordinary algebraic
ideal which is closed under transforming, i.e. o(Z) C Z. If Z also has the property that aV € Z implies
that a € Z, it is called a reflexive difference ideal. A prime difference ideal is a difference ideal which is
prime as an ordinary algebraic polynomial ideal. For convenience, a prime difference ideal is assumed
not to be the unit ideal in this paper. If S is a finite set of difference polynomials, we use (S) and [S]
to denote the algebraic ideal and the difference ideal in F{Y} generated by S.

An n-tuple over F is an n-tuple of the form a = (aq,...,a,) where the a; are selected from a
difference extension field of . For a difference polynomial f € F{y1,..., yn}, a is called a difference
zero of f if when substituting y?’) by a?’) in f, the result is 0. An n-tuple 5 is called a generic zero
of a difference ideal Z c F{Y} if for any polynomial P € F{Y} we have P(n) =0 < P € Z. It is well
known that

Lemma 1. (See Cohn, 1965, p. 77.) A difference ideal possesses a generic zero if and only if it is a reflexive prime
difference ideal other than the unit ideal.

Let Z be a reflexive prime difference ideal and 7 a generic zero of Z. The dimension of Z is defined
as o.tr.deg F(n)/F, denoted by dim(Z). If dim(Z) = 0, then tr.deg F(n)/F is defined to be the
order of Z, denoted by ord(Z). Notice that the prime property depends on the difference ring where
an ideal is defined. In the rest of the paper, to put emphasis the difference ring where difference
ideals are generated, for any subset X, we will use [X]ryy or [¥]- F(Y} to denote the difference
ideal generated by ¥ in F{Y}.

Given two n-tuples a = (ai,...,ay) and a = (ay,...,a,) over JF, a is called a specialization of
a over F, or a specializes to a, if for any difference polynomial P € F{Y}, P(a) = 0 implies that
P(a) = 0. The following property about difference specialization will be needed in this paper.
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Lemma 2. Let P;(U,Y) € F(Y){U} (i=1,...,m) where U = (uq, ..., u;) is a set of difference indetermi-
nates. If P;(U,Y) (i =1, ..., m) are transformally dependent over 7 (U), then for any difference specialization
UtoUc F, P;(U,Y) (i=1,...,m) are transformally dependent over F.

Proof. It suffices to show the case r = 1. Denote u = uy. Since P;(u,Y) (i=1,...,m) are trans-
formally dependent over F({u), there exist natural numbers s and [ such that ng)(u,Y) k <5s)
are algebraically dependent over F(u® |k <s+1). When u specializes to i € F, u® (k> 0) are
correspondingly algebraically specialized to i® e F. By Wu (2003, p. 161), Pfk) u,Y) (k<s) are al-
gebraically dependent over . Thus, P;(u,Y) (i=1,...,m) are transformally dependent over 7. O

2.2. Characteristic set for a difference polynomial system

In this section, we give several preliminary results about the characteristic set for a difference
polynomial system. For details on difference characteristic set methods, please refer to Gao et al.
(2009).

Let f be a difference polynomial in F{Y}. The order of f w.r.t. y; is defined to be the greatest
number k such that yl@ appears effectively in f, denoted by ord(f, y;). The order of f is defined
to be max;ord(f, y;), that is, ord(f) = max;ord(f, y;). The least order of f w.r.t. y; is Lord(f, y;) =
min{k | deg(f, yl@) > 0} and the effective order of f w.rt. y; is Eord(f, y;) = ord(f, y;) — Lord(f, y;).
And if y; does not appear in f, then we set ord(f, y;) = Eord(f, y;) = —oc.

A ranking Z is a total order over @(Y) = {o¥(y;) | 1 <i <n, k > 0}, which satisfies the following
properties:

1) 0 () > 6 for each 6 € O(Y).
2) 01 > 60 = 0 (61) > 0 () for 01,6, € O(Y).

Let f be a difference polynomial in F{Y} and & a ranking endowed on it. The greatest yik) W.L.L.
Z which appears effectively in f is called the leader of f, denoted by 1d(f) and y; is called the
leading variable of f, denoted by lvar(f) = y;. The leading coefficient of f as a univariate polynomial
in 1d(f) is called the initial of f and is denoted by Iy.

(k)

Let f and g be two difference polynomials in F{Y} with ld(f) = Y

by > deg(f, y;k)). And g is said to be

. We say g is of higher
rank than f if either 1d(g) > y;k), or ld(g) = y;k) and deg(g, yE.

reduced w.r.t. f if deg(g, y§k+l)) < deg(f, y;.k)) for all I € Np.

A finite chain of nonzero difference polynomials A = A1, ..., An is said to be an ascending chain if
1) m=1and A1 #0 or
2) m>1, Aj > A; and Aj is reduced w.rt. A; for 1<i< j<m.

Let A= A1, Ay, ..., A; be an ascending chain and f an arbitrary difference polynomial. Then there
exists an algorithm, which reduces f w.r.t. A to a polynomial r that is reduced w.r.t. A, satisfying the
relation

t d;
TTT1(e*a)) - f =r. modiAl

i=1k=0

where the d;, ej; are nonnegative integers. The difference polynomial r is called the difference remain-
der of f w.rt. A (Gao et al., 2009).

Let A be an ascending chain. Denote I 4 to be the minimal multiplicative set containing the initials
of elements of A and their transforms. The saturation ideal of A is defined as

sat(A) =[A]: T4 ={p:3h el hp € [A]}.
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And the algebraic saturation ideal of A is asat(A) = (A) : 14, where 14 is the minimal multiplicative
set containing the initials of elements of A.

An ascending chain C contained in a difference polynomial set S is said to be a characteristic set
of S, if S does not contain any nonzero element reduced w.r.t. C. A characteristic set C of a difference
ideal 7 reduces all elements of J to zero.

Let A be a characteristic set of a reflexive prime difference ideal Z. We rewrite A in the following
form

A= (1)

APL-"vApkp

where Ivar(A;j) =y, for j=1,...,k and ord(Ajj, y¢;) < ord(Aj, y¢;) for j <I. In terms of a char-
acteristic set of the above form, p is equal to the codimension of Z, that is n — dim(Z). Unlike the
differential case, here even though Z is of codimension one, there may be more than one difference
polynomial in a characteristic set of Z as shown by the following example.

Example 3. Let Ay = (ygl))2 +yi+1, Ap = y§2> — y1. Then T = [Aq1, A12] is a reflexive prime
difference ideal whose characteristic set is A= A11, A12 and Z = sat(A) (Gao et al., 2009). Note that
[A11] is not a prime difference ideal, because o (A11) — A11 = (ygz) - yl)(ygz) + y1) € [A11] and both

y® —yi and y® + y; are not in [Aqq].

Now we proceed to show that given a reflexive prime difference ideal, a property of uniqueness
still exists among all its characteristic sets under different rankings. First of all, several algebraic re-
sults will be needed.

Let B = Bq,..., B, be an algebraic triangular set in F[x1,...,x,] with lvar(B;) = y; and U =

{x1, ..., xa)\{¥1, ..., ym} the parametric set of B. We assume U < y1 < y2 <--- < Y. A polynomial
f is said to be invertible w.r.t. B if (f, B1,..., Bs) N F[U] # {0} where lvar(f) = lvar(Bs). We call B
a regular chain if for each i > 1, the initial of B; is invertible w.r.t. By, ..., Bj_1. For a regular chain B,

we say that f is invertible w.r.t. asat(B) if (f, asat(88)) N F[U] # {0}. The next two lemmas give basic
properties of regular chains which will be used later.

Lemma 4. Let 3 be a regular chain in F[x1, ..., Xp]. If v/asat(B) = ﬂ’l71:1 P; is an irredundant prime decom-
position of «/asat(13), then a polynomial f is invertible w.r.t. asat(B) ifand only if f ¢ P; foralli=1,...,m.

Proof. Since +/asat(B) = ﬂ;”zl P; is an irredundant prime decomposition of /asat(B), U is a para-
metric set of P; for each i by Gao and Chou (1993). And for prime ideals P;, f ¢ P; if and only if
(f, P)) N F[U]#{0}. If f is invertible w.r.t. asat(3), {0} # (f, asat(B)) N F[U] C (f, P;) N F[U]. Thus,
f ¢ P; for each i. For the other side, suppose f ¢ P; for all i, then there exist nonzero polynomials
hi(U) such that h;(U) € (f,P;). Thus, there exists t € N such that (T]{L; hi(U))" € (f, asat(B)). So f
is invertible w.r.t. asat(B). O

Lemma 5. (See Bouziane et al., 2001.) Let 1B be a regular chain in F[x1, ..., X;] and U the parametric set of I5.
Let f € F[x1,...,xp] and L in F[U]\{0} such that Lf € (B). Then f € asat(B).

Lemma 6. Let A be an irreducible difference polynomial in F{Y} with deg(A, yi,) > 0 for some ig. If f
is invertible w.r.t. Al = A, AV A® under some ranking #, then o (f) is invertible w.r.t. A%+ In
particular, A is a regular chain for any k > 0.

Proof. Suppose 1d(A) = y,(s). Let U = @(Y)\{yl(k) | k > s}. Two cases will be considered.

i) fe FIUL If o(f) € F[U], it is trivial. Otherwise, deg(o (f), yl(s)) > 0. Let R be the resultant of
o(f) and A w.rt. yl(s). Then R # 0, for if not, A divides o (f), a contradiction to deg(A, y;,) > 0. So
(o (f), A)NF[U] # {0} and o (f) is invertible w.r.t. Alk+11,
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ii) f ¢ F[U]. Since f is invertible w.r.t. AKl, there exist 0 £ h(U) € F[U] such that h(U) e (f, AK),
So o (h(U)) € (o (f), Akt By i), o(h(U)) is invertible w.r.t. A+ So o (f) is also invertible w.r.t.
Al

Since 1, is invertible w.r.t. A, it follows that A is a regular chain. O
The following result is crucial to define sparse difference resultant.

Theorem 7. Let 7 be a reflexive prime difference ideal of codimension one in F{Y}. The first element in any
characteristic set of Z w.r.t. any ranking, when taken irreducible, is unique up to a factor in F.

Proof. Write any ascending chain in form (1). Let A= A11,..., A1n be a characteristic set of Z w.r.t.
some ranking &% with Aq; irreducible. Suppose lvar(A1;) = y1. Given another characteristic set B =
B11, ..., By of Z w.r.t. some other ranking %’ (Bq; is irreducible), we need to show that there exists
c € F such that By =c- Aq1. If lvar(B11) = y1, B11 and Aq1q should have the same orders in y1. Since
both of them are irreducible polynomials, B11 =c - A11 for some ¢ € F follows. So it suffices to prove
the case lvar(B11) # y1. Suppose lvar(B11) = y3. Clearly, a transform of y; appears effectively in Aqq
for B reduces A11 to 0. And since Z is reflexive, there exists some ig such that deg(A11, yi,) > 0.

Suppose ord(A11, ¥2) = 02. Take another ranking under which y(z‘m is the leader of Aq; and we

use Zn to distinguish it from the Ay under #. By Lemma 6, for each k, AE"]] and Z[lkﬂ are regular
chains.

Now we claim that asat(A[lkl]) = asat(zgkl]) for each k. On the one hand, for any polynomial
fe asat(AE"l]), we have (]_[fzooi(IAll))“f € (Agl‘l]). Since Ia,, is invergble w.r.i. A, by Lemma 6,
(]‘[ffzoal(lf\n))“ is invertible w.L.t. Agkﬂ Denote thel parameters of Agkﬂ by U. So~there existi a
nonzero polynomial h(U) such that h(U) € ((]_[:-;0 G’(IA“))“,A%li). Thus, h(U) f € (A%’;J). Since A%klj
is a regular chain, by Lemma 5, f € asat(zgkl]). So asat(AEk]]) c asat(7\[1k1]). Similarly, we can show that
asat(zgkl]) C asat(Agkl]). Thus, asat(Agkl]) = asat(ﬁ[lkl]).

Suppose ord(B11, y2) = 0’2. Clearly, 0y > 0/2. We now proceed to show that it is impossible
[k]
11

for 0 > 0. Suppose the contrary, i.e. 0y > o). Then By is invertible w.r.t. asat(x ). Suppose

asat(z[lk]] = ﬂf:1 P; is an irredundant prime decomposition. By Lemma 4, By ¢ P; for each i. Since

asat(A%k]J) = asat(ﬁ%’?), using Lemma 4 again, By is invertible w.r.t. asat(A%k]]). Thus, there exists a

nonzero difference polynomial H with ord(H, y1) < ord(A11, y1) such that H € (B3, asat(AEk]])) cZ,
which is a contradiction. Thus, 0y = 0/2. Since B reduces Aiq; to zero and Ajq is irreducible, there
exists ¢ € F such that Bj; =c-Aq1. O

3. Sparse difference resultants

In this section, the concepts of Laurent difference polynomial and Laurent transformally essential
system are first introduced, and then the sparse difference resultant for Laurent transformally es-
sential systems is defined. A criterion for a Laurent polynomial system to be Laurent transformally
essential in terms of the support of the given system is also given.

3.1. Laurent difference polynomials

Let F be an ordinary difference field with a transforming operator o and F{Y} the ring of differ-
ence polynomials in the difference indeterminates Y = {y1, ..., yn}. Before defining sparse difference
resultants, we first introduce the concept of Laurent difference polynomial.

Definition 8. A Laurent difference monomial of order s is a Laurent monomial in variables Y[ =
(yf ))13-5”;05,(55. More precisely, it has the form [T, ]_[f{:()(ylfk))mfk where m;; are integers which can
be negative. A Laurent difference polynomial over F is a finite linear combination of Laurent difference
monomials with coefficients in F.
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Clearly, the collection of all Laurent difference polynomials forms a commutative difference ring
under the obvious sum, product, and the usual transforming operator o, where all Laurent differ-
ence monomials are invertible. We denote the difference ring of Laurent difference polynomials with
coefficients in F by F{y1,y;",..., ¥n, y'}, or simply by F(Y*}.

Definition 9. For each Laurent difference polynomial F € F{Y*}, there exists a unique Laurent dif-
ference monomial M such that 1) M - F € F{Y} and 2) for any Laurent difference monomial T with
T-F e F{Y}, T-F is divisible by M- F as polynomials. This M - F is defined to be the normal form of F,
denoted by N(F). The order and degree of N(F) is defined to be the order and degree of F, denoted
by ord(F) and deg(F).

In the following, we consider zeros for Laurent difference polynomials.

Definition 10. Let F be a Laurent difference polynomial in F{Y*}. An n-tuple (ai,...,a,) over F
with each a; # 0 is said to be a nonzero difference solution of F if F(ay,...,a,) =0.

For an ideal Z c F{Y%}, the difference zero set of Z is the set of common nonzero difference zeros
of all Laurent difference polynomials in Z. We will see later in Example 40, how nonzero difference
solutions are naturally related with the sparse difference resultant.

3.2. Definition of sparse difference resultants

In this section, the definition of the sparse difference resultant will be given. Similar to the study
of sparse resultants and sparse differential resultants, we first define sparse difference resultants for
Laurent difference polynomials whose coefficients are difference indeterminates. Then the sparse dif-
ference resultant for a given Laurent difference polynomial system with concrete coefficients is the
value that the generic resultant takes for the coefficients of the given system.

Suppose A; = {Mjo, Mj1,..., My} (i=0,1,...,n) are finite sets of Laurent difference monomials
in Y. Consider n + 1 generic Laurent difference polynomials defined over Ao, ..., As:
li
Pi=> ugMy (i=0,...,n), (2)
k=0

where all the uj, are transformally independent over the rational number field Q. Denote

n
ul:(u'()? ul]?"'9u"l)3 i:07"'7n7 and u:Uul\{ulo}' (3)
i=0
The number [; + 1 is called the size of PP; and A; is called the support of P;. To avoid the triviality,
l;j>1 (i=0,...,n) are always assumed in this paper.

Definition 11. A set of Laurent difference polynomials of the form (2) is called Laurent transformally

L . . . M M
essential if there exist k; (i =0,...,n) with 1 <k; <I; such that a.tr.degQ(MLx, M;:(ol %f:é' )/

Q =n. In this case, we also say that Ay, ..., A, form a Laurent transformally essential system.

Although M;jq are used as denominators to define transformally essential systems, the following
lemma shows that the definition does not depend on the choices of Mjg.

Lemma 12. The following two conditions are equivalent.

(1) There exist k; satisfying 1 <k; <I; fori =0, ...,n such thata.tr.deg@(%, o A,&"ﬂ"g )/Q=n.
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(2) There exist pairs (k;, j;) (i=0,...,n) withk; # j; € {0, ...,1;} such that o .tr. deg@( Oko N AAZZ’]‘: )/
Q=n.

Proof. It is trivial that 1) implies 2). For the other direction, assume 2) holds. Without loss of general-

. My

ity, suppose Ml'Jl e IA\Z”"" are transformally independent over Q. We need to show 1) holds. Suppose
Mim

the contrary, then for any m; € {1,...,1;}, ﬁ, ey Mumn are transformally dependent over Q. Now

we claim that (%) suppose for each i € {1,2}, a and b; are transformally dependent over Q, then a
and b /b, are transformally dependent over Q. Indeed, if a is transformally algebraic over Q, then (x)
follows. If a is transformally transcendental over Q, then each b; is transformally algebraic over Q{a)

Thus, b1/b2 is transformally algebraic over Q(a) (Levin, 2008, p. 245) and the claim is proved. Since
xu, = Mx:; /Mul by claim (x), m‘: (i=1,...,n) are transformally dependent over Q, which leads to

a contradiction. O

Let m be the set of all difference monomials in Y. Let

Ty,u= ([N®o),....NPp)] : [m)Q{Y’uO ____ ")’ (4)
Ty =ZyuNQfup, ..., uy}. (5)

The following result is a foundation for defining sparse difference resultants.

Theorem 13. Let Py, . .., P, be the Laurent difference polynomials defined in (2). Then the following assertions
hold.
(1) Zy u is areflexive prime difference ideal in Q{Y, ug, ..., uy}.
(2) Zy is of codimension one if and only if Py, ..., P, form a Laurent transformally essential system.
Proof. Let n = (11, ..., np) be a sequence of transformally independent elements over Q(u), where u
is defined in (3). Let
l.
l M () .
Li=— Uik (i=0,1,...,n). (6)
’ k; Mio(1)
We claim that 6 = (1; {o, Uo1, ..., Uoly: -+ -5 &ns Unts - - -, Unt,) 1S @ generic zero of Ty y, which implies

that Zy y is a reflexive prime difference ideal.

Clearly, each N(P;) vanishes at 6. For any f € Zyy, there exists an M € m such that Mf e

[N(Pp), ...,N(Pp)], so f(#) =0 follows. Conversely, let f be any difference polynomial in Q{Y, ug,

.,uy} satisfying f(0) = 0. Clearly, N(Pg), N(Py),...,N(P;) constitute an ascending chain with
ujp as leaders. Let f; be the difference remainder of f w..t. this ascending chain. Then f;
is free from uj (i =0,...,n) and there exist a,s € N such that ([Tl [Ti_o(c'(Ine)))® - f =
f1, mod[N(Pp), ..., N(Pp)]. Clearly, f1(0) =0. Since f; € Q{Y,u}, f1 =0. Thus, f € Zy y. So Zy y is a
reflexive prime difference ideal with a generic zero 6.

Consequently, Zy = Zy y N Qfuo, ..., u,} is a reflexive prime difference ideal with a generic zero
.= ({o,um,...,umo;...;g“n,unl,...,un,"). From (6), it is clear that o.tr.degQ(¢)/Q < Y1 ol +n.
If there exist pairs (i, ji) (k =1,...,n) with 1 < j, <l and iy, # ir, (k1 # kz) such that
%, A A:/I’”’" are transformally independent over Q, then by Lemma 2, ¢;,, ..., ¢;, are transformally
independent over Q(u). It follows that o.tr.degQ(¢)/Q = leo l; +n. Thus, Zy is of codimension 1.

Conversely, let us assume that Z is of codimension 1. That is, o.tr.degQ(¢)/Q = > oli +n.

We want to show that there exist pairs (i, ji) (k=1,...,n) with 1 < j <, and iy, # i,

(k1 # k) such that ‘1“ s % are transformally independent over Q. Suppose the contrary, i.e.,
n

MI]}] () Mmm(ﬂ)

Moty 0 Mooy are transformally dependent for any n different iy and j, € {1,...,l;,}. Since
iq In
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M ji, (M)
Mi 0 (m)
mally dependent over Q(u). Thus, we have o.tr.degQ(¢)/Q < Z?:o l; + n, a contradiction to the
hypothesis. O

each ¢;, is a linear combination of (k=1,...,1,), it follows that ¢;,,...,¢;, are transfor-

Let [Py, ..., P,] be the difference ideal in Q{Y*; uy, ..., u,} generated by P;. Then we have

Corollary 14. [Po,...,Pp] N Qfug, ..., uy} = Zy. The reflexive prime difference ideal [Py, ...,Py] N
Qfuy, ..., u,} is of codimension one if and only if {P; : i =0,...,n} is a Laurent transformally essential
system.

Proof. It is easy to show that [Py, ..., Pa]NQ{ug, ..., uy} =Zy y NQfuy, ..., uy} = Zy. And the result
is a direct consequence of Theorem 13. O

Now suppose {Pg, ..., [P,} is a Laurent transformally essential system. Since Z, defined in (5) is a
reflexive prime difference ideal of codimension one, by Theorem 7, there exists a unique irreducible
difference polynomial R(u; uqo, ..., uno) =R(ug, ..., uy) € Q{uy,...,uy} such that R can serve as the
first polynomial in each characteristic set of Z, w.r.t. any ranking endowed on ug, ..., u,. That is, if
ujj appears in R, then among all the difference polynomials in Zy, R is of minimal order in u;j and of
minimal degree in the maximal transform of u;;.

Now the definition of the sparse difference resultant is given as follows:

Definition 15. The above R(uy, ..., u;) € Q{ug, ..., u,} is defined to be the sparse difference resultant
of the Laurent transformally essential system Py, ..., P,, denoted by Res 4, . 4, or Res(Po, ..., Pp).

The following lemma gives another description of the sparse difference resultant from the perspec-
tive of generic zeros.

Lemma 16. Let {; = — Z;jzl Uik ,\I\Z:’;EZ; (i=0,1,...,n) be defined as in Eq. (6), where n = (n1,...,nn) is
a generic zero of [0lgu)(y;- Then, among all the polynomials in Q{uy, ..., u,} vanishing at (u; ¢o, ..., {n),
R(ug, ..., u;) = R(W; ugp, ..., Uno) is of minimal order in each ujo and of minimal degree in the maximal

transform of ujo.
Proof. It is a direct consequence of Theorem 13 and Definition 15. O

Remark 17. From its definition, the sparse difference resultant can be computed as follows. With the
characteristic set method given in Gao et al. (2009), we can compute a proper irreducible ascending
chain A which is a characteristic set for the difference polynomial system {Pg,Pi,...,P,} under a
ranking such that u;; < yi. Then the first difference polynomial in A is the sparse difference resultant.
This algorithm does not have a complexity analysis. In Section 5, we will give a single exponential
algorithm to compute the sparse difference resultant.

We give several examples which will be used throughout the paper.
Example 18. Let n =1 and Py = ugo + umyf, P = umyg]) + uq1y1. Clearly, Pg, Py are Laurent trans-

formally essential. The sparse difference resultant of Py, P; is

— 12 (1) 2 1)
R =ujqliortigy — Uiztioolloy -

Example 19. Let n =2 and the P; have the form

2 3 3
P =uioy§ )+ui1Y§ )+U12y(2 ) (i=0,1,2).
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It is easy to show that y?)/ygz) and yf)/ygz) are transformally independent over Q. Thus, Py, Py, P,

form a Laurent transformally essential system. The sparse difference resultant is

Upo Uo1 Uo2
R=Res(Pg, P1,P2) =|u10 U1 un2
Uzo Uz1 U2

The following example shows that for a Laurent transformally essential system, its sparse differ-
ence resultant may not involve the coefficients of some P;.

Example 20. Let n =2 and the P; have the form

P, ONG)

Po = ugo + Uo1¥1y2, =u+uny; ¥y, » Py = u0 + uz1Y2.

Clearly, Pg, 1, Py form a Laurent transformally essential system. The sparse difference resultant of
Po, P], Pz is

(1) (1)
R= Ugg U11 — Uy U0,

which is free from the coefficients of Ps.

Example 20 can be used to illustrate the difference between the differential and difference
cases. If Py, Py, P in Example 20 are differential polynomials, then the sparse differential
i 1,2 ) 2 2 2 2
resultant 1s2 ”01“;0”20”21 — Up1Upyl11Uols Uhy + “00”61”211“201‘21“/20 + uo1lgoU11ls, 2(u/21) +
, .
UQouo]Llnuz](u/zo) — 2u01llo()ul]1120112111/20u/21 + uo1u60u11u20u21u21 — uoou61u11 uz1u/21u20 which
contains all the coefficients of Py, P, P5.

Remark 21. When all the A; (i=0,...,n) are sets of difference monomials, unless explicitly men-
tioned, we always consider IP; as Laurent difference polynomials. But when we regard P; as difference
polynomials, Res 4, .. 4, is also called the sparse difference resultant of the difference polynomials
P; and we call P; a transformally essential system. In this paper, sometimes we regard IP; as difference
polynomials where it will be indicated.

We now define sparse difference resultants for specific Laurent difference polynomials over Laurent
transformally essential systems. For any finite set A = {Mo, ..., M;} of Laurent difference monomials
in Y and a difference extension field £ of Q, we use

l
Le(A)= [Za,-Mf} (7)
i=0

to denote the set of all Laurent difference polynomials with support A, where a; € £.

Definition 22. Let A; = {Mjo, Mj1,..., My} (i=0,1,...,n) be a Laurent transformally essential
system. Consider n + 1 Laurent difference polynomials (Fo, F1,..., Fn) € []i_g Le(A;). The sparse
difference resultant of Fy,..., F,, denoted as Res(Fy,..., Fp), is obtained by replacing u; with the
corresponding coefficient vector of F; in Res 4, . 4,-

A major unsolved problem about difference resultant is whether R defined above contains all the
information about the elimination ideal Z, defined in (5). More precisely, we propose the following
problem.

Problem 23. As shown by Example 3, the characteristic set for a reflexive prime difference ideal of
codimension one could contain more than one elements. Let Z,, be the ideal defined in (5). Then Z,
is a reflexive prime difference ideal of codimension one and
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Tu=ZyuNQfuy,...,us} =sat(R, Ry, ..., Rm), (8)

where R is the sparse difference resultant of {Pg,...,P,} and R, R1,..., Ry is a characteristic set
of Zy. We conjecture that m = 0, or equivalently Z, = sat(R). If this is valid, then better properties
can be shown for sparse difference resultants as we will explain later. It is easy to check that for
Examples 18, 19, and 20, Zy = sat(R).

3.3. A criterion for Laurent transformally essential system in terms of supports

Let A; (i=0,...,n) be finite sets of Laurent difference monomials. According to Definition 11, in
order to check whether they form a Laurent transformally essential system, we need to check whether
there exist My, , Mjj; € A; (i=0,...,n) such that o.tr.degQ(Mok,/Mojy, - - - » Mnk, /Mnj,)/Q = n. This
can be done with the difference characteristic set method given in Gao et al. (2009). In this section,
a criterion will be given to check whether a Laurent difference system is transformally essential in
terms of their supports, which is conceptually and computationally simpler than the naive approach
based on the difference characteristic set method.

Let B; = ]_[’]1-:1 ]_[izo(y§k))fijk (i=1,...,m) be m Laurent difference monomials. We now introduce
a new algebraic indeterminate x and let

s
dijzztijkxk i=1,...,m,j=1,...,n)
k=1

be univariate polynomials in Z[x]. If ord(B;, yj) = —oo, then set d;j = 0. The vector (d;1,djy, ..., din)
is called the symbolic support vector of Bj. The matrix D = (djj)mxn is called the symbolic support matrix
of B1,...,Bn.

Note that there is a one-to-one correspondence between Laurent difference monomials and their
symbolic support vectors, so we will not distinguish these two concepts if there is no confusion. The
same is true for a set of Laurent difference monomials and its symbolic support matrix.

Definition 24. A matrix D = (dij)mxn over Q[x] is called normal upper-triangular of rank r if for each
i<r,dij#0and d;;_y=0 (1<k<i—1), and the last m —r rows are zero vectors.

Definition 25. A generalized Laurent difference monomial is a monomial of the form ]_[;?:1 I—[,S(:O(yj.k))fﬂc
where tj € Q. A set of generalized Laurent difference monomials B1, B, ..., By is said to be in
r-upper-triangular form if its symbolic support matrix D € Q[x]™*" is a normal upper triangular matrix
of rank r.

The following lemma shows that it is easy to compute the difference transcendence degree of a
set of Laurent difference monomials in upper-triangular form.

Lemma 26. Let By, ..., By, be a set of generalized Laurent difference monomials in r-upper-triangular form.
Theno.tr.degQ(B1,...,Bn)/Q=r.

Proof. From the structure of the symbolic support matrix, B; = ]—I’}:i ]—Ikzo(y;k))tifk (i=1,...,r) with
ord(B;,y;)>0and B;11=---=Bn=1. Let Bl’. = ]‘[;:i szo(y§k))[ijk and Q1 = Q(yr+1,---, ¥n). Then
o.tr.degQ(B1,...,Bn)/Q = o.tr.degQ(Bq,...,B;)/Q > o.tr.degQ(B1,...,Br)/Q1 =
o.tr.degQ(B], ..., B;)/Q. So it suffices to show that o.tr.degQ(Bj, ..., B;)/Q=r.

If r=1, ord(B], y1) > 0 implies that o.tr.degQ(B})/Q = 1. Suppose we have proved for the case
r—1.Let B = 1_[;;} ]_[kzo(y;k))dffk, then by the hypothesis, o.tr.degQ(B7, ..., B/_;)/Q=r—1. Since
B, € Q(yr), r > o.tr.degQ(B],...,B;)/Q = o.tr.degQ(B], ..., B;)/Q(B;) + o.tr.degQ(B;)/Q >
o.tr.degQ(y;)(B,....B,_1)/Q(yr) +1=o0.tr.degQ(BY,...,B/_;)/Q+1=r. So o.tr.degQ(B1,
o, Bny/Q=r. O
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In the following, we will show that each set of generalized Laurent difference monomials can
be transformed to an upper-triangular set with the same transformal transcendence degree. For a
matrix D over Q[x], we use two types of elementary row operations and one type of elementary
column operation on D, namely,

e interchanging two rows of D;
e adding an f(x)-multiple of the j-th row to the i-th row, where f(x) € Q[x] and i # j;
e interchanging two columns of D.

Lemma 27. Each matrix D € Q[x]™*" can be reduced to a normal upper-triangular matrix by performing a
finite succession of the above three types of elementary operations.

Proof. Since Q[x] is an Euclidean domain, it follows by Hoffman and Kunze (1971, p. 253). O

Theorem 28. Let B1, ..., By be a set of Laurent difference monomials with symbolic support matrix D. Then
o.tr.degQ(B1, ..., By)/Q =r1k(D).

Proof. First, we show that the above three types of elementary operations of D correspond to cer-
tain transformations of By,..., By. Indeed, interchanging the i-th and the j-th rows of D means
interchanging B; and Bj, and interchanging the i-th and the j-th columns of D means interchanging
yi and y; in By, ..., By (or in the variable order). Multiplying the i-th row of D by a polynomial
f(%) =agx? +ag_1x4~1+--- 4+ ap € Q[x] and adding the result to the j-th row means changing Bj to
[Tio(*(Bi))®B;.

So by Lemma 27, Bq,..., By can be transformed to an upper-triangular set Cq,...,Cyn by just
performing a finite succession of the above three types of elementary operations. If we can show that
the above elementary matrix operations keep transformal transcendence degree, then by Lemma 26,
the theorem follows. It is trivial for row or column interchanging operations. So it suffices to show
that given Y ¢_,aix* € Q[x]*, o.tr.degQ(B1, B2)/Q = 0. tr.deg Q(B1, [i_q (0¥ (B1))%B3)/Q. It can
easily be proved, for we have o.tr.degQ(B1)/Q = U.tr.degQ(]—Iﬁzo(ok(Bﬂ)“k)/Q. a

Example 29. Let By = y1y2 and B = yga)yéb). Then the symbolic support matrix of By and B; is

D= (Xla xlb ) Then rk(D) = {; g g;g. Thus, by Theorem 28, if a #b, By and B, are transformally inde-

pendent over Q. Otherwise, they are transformally dependent over QQ.

We now extend Theorem 28 to generic difference polynomials in (2). Let I € {0, ...,n} and for any
i 1, let Bix be the symbolic support vector of M;,/Mijo. Then the vector

li
wi=)_uupi
k=0

is called the symbolic support vector of P; and the matrix D; whose rows are w; for i € I is called the
symbolic support matrix of P; (i € I). Then we have the following lemma.

Lemma 30. 0. tr.deg Q(|J;c; wi) (Pi/Mio : i € I)/Q(UU;c; wi) = rk(D)).

Proof. By Lemma 2, o.tr.deg Q(lUJ;c; wi){Pi/Mio :i € I)/Q({J;; i) is no less than the maximal trans-
formal transcendence degree of Mj, /Mijo over Q.

On the other hand, the transformal transcendence degree will not increase by linear combinations,
for given arbitrary a; and a, o.tr.degQ(r)(a; + Aaq, az, ..., ar)/Q(A) < max(o.tr.degQ(aq,az...,
ax)/Q,o.tr.degQ(ay, az, ..., ar)/Q). So the transformal transcendence degree of P;/M;o (i € I) over
Q(Uj¢; wi) is no greater than the maximal transformal transcendence degree of My, /Mg (i € I).
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Thus, by Theorem 28, we have o.tr.degQ(U;q;ui)(Pi/Mio : i € I)/Q(Uqmi) =
maxy, o.tr.degQ(M;, /Mio : i € I)/Q = maxy, rk(Dy, jc1), where Dy, j¢; is the symbolic support ma-
trix of Mj,/Mjo. Denote the submatrix of D; with rows corresponding to P;, /Mj,o, ..., P /Mi.o

and columns corresponding to yj,,...,yj by D;(]’}l]’r) Then det(D,(};:::;’r)) = 2y T i x

det(Dk,.,,-el(E:::;fr)), which implies that rk(D;) = maxy, tk(Dy; jcj). Thus, the lemma follows. O
Now, we have the following criterion for Laurent transformally essential system.

Theorem 31. Consider the set of generic Laurent difference polynomials defined in (2). The following three
conditions are equivalent.

(1) Py, ..., P, form a Laurent transformally essential system.

(2) There exist M, (i=0,...,n) with 1 <k; <I; such that the symbolic support matrix of Moy,/Moo, . . .,
Mk, / Mpo is of rank n.

(3) The symbolic support matrix Dp of Py, ..., P, is of full rank, that is, rk(Dp) = n.

Proof. The equivalence of 1) and 2) is a direct consequence of Theorem 28 and Definition 11. The
equivalence of 1) and 3) follows from Lemma 30. O

Both Theorems 28 and 31 can be used to check whether a system is transformally essential.

Example 32. In Example 20, let By = Mo1/Moo = y1y2, Bi = M11/Mig = y{"y'", and B, =
M31/M>o = y». Then the symbolic support matrix for {Bg, B2} is D = (3) 1) We have rk(D) = 2 and by

Theorem 28, the system P = {Pg, P1, P} is transformally essential. Also, the symbolic support matrix
Upr Uo1

for P is Dp = (unx H11X>. We have rk(Dp) = 2 and by Theorem 31, IP is transformally essential.
0 upy

We end this section by introducing a new concept, namely super-essential systems, through which
one can identify certain ; whose coefficients will not occur in the sparse difference resultant. This
will lead to the simplification in the computation of the resultant. Let I C {0, 1,...,n}. We denote
by IP; the Laurent difference polynomial set consisting of P; (i € I), and Dp, its symbolic support
matrix. For a subset I C {0,1,...,n}, if |I| =rk(Dp,), then Pj, or {A4; :i €I}, is said to be transformally
independent.

Definition 33. Let | C {0,1,...,n}. We call I or P; super-essential if |I| — tk(Dp,) =1 and for each
proper subset | C I, |J| =tk(Dp,).

Note that super-essential systems are the difference analogue of essential systems introduced in
Sturmfels (1994) and also that of rank essential systems introduced in Li et al. (2012). Using this
definition, we have the following property, which is similar to Corollary 1.1 in Sturmfels (1994).

Theorem 34. If {Py,...,P;} is a Laurent transformally essential system, then for any I C {0,1,...,n},
|Il — rk(Dp,) < 1 and there exists a unique I which is super-essential. If I is super-essential, then the sparse
difference resultant of Py, . .., P, involves only the coefficients of P; (i € I).

Proof. Since n =rk(Dp) < rk(Dp,) + |P| — |P;| =n + 1 + tk(Dp,) — |I|, we have |I| — rk(Dp,) < 1.
Since |I| — rk(Dp,) > 0, for any I, either |I| — rk(Dp,) =0 or |I| — rk(Dp,) = 1. Using the fact that
[{0,1,...,n}| — rk(Dp) =n, it is easy to check the existence of a rank essential set I. For the unique-
ness, we assume that there exist two subsets Iy, I C {1,...,m} which are super-essential. Then, we
have rk(DJP:]u:z) < l'k(D[PIl )+ I'k(D]p,Z) — rk(DIpu,m,Z) = |l UI,| — 2, a contradiction.
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Let I be a super-essential set. Similar to the proof of Theorem 13, it is easy to show that [P;]ic; N
Q{u;}ic; is of codimension one, which means that the sparse difference resultant of Py, ..., P, only
involves the coefficients of P; (i€ l). O
4. Basic properties of sparse difference resultants

In this section, we will prove some basic properties for the sparse difference resultant.

4.1. Transformal homogeneity and the action of the transforming operator

We first introduce the concept of transformally homogeneous polynomials.

Definition 35. A difference polynomial f € F{yo,...,yn} is called transformally homogeneous if
for a new difference indeterminate A, there exists a difference monomial M(A) in A such that
fGyo,....ay0) =M@ f(yo, ..., yn)-

The difference analogue of Euler’s criterion for homogeneous polynomials is valid.

Lemma 36. f € F{yo, y1,--., Yn} is transformally homogeneous if and only if for each r € Ny, there exists
m; € Ny such that

L af(YVo, ..ty Yn
Zy()f(yo y)=mrf.

i )
i=0 9y
That is, f is transformally homogeneous if and only if f is homogeneous in {y(r) e, y,(f)}for eachr € Ny.
Proof. “=—" Denote Y = (yo, ..., yn) temporarily. Suppose f is transformally homogeneous. That

is, there exists a difference monomial M) = [[%,(O)™ such that f(AY) = M()f(Y). Then

() 3f A0y _ af0Y) _ aMMf(Y) _ mM®) ; —1i
Yo pe aY)=>" =07 (r) W)= =50 = 50— = 5o J (Y). Substitute A =1 into
(f) af

W =m, f follows.

“e=" Suppose ord(f,Y) =ro. Then for each r < rg ,)\(r)af(w) A0 YD a(f,> (AY) =

the above equallty, i ¥

S oGyn® 3(,) (AY) = m, f(AY). So f(AY) is homogeneous of degree m, in A*). Thus, f(AY) =

f<Ayo,...,Ayn,A“>y3”,...,A“)yﬁl‘),...,A<f°>y§{°>,...,Mm)yﬁ{‘”) = [T2™)™ f(Y). Thus, f is
transformally homogeneous. O

Theorem 37. The sparse difference resultant is transformally homogeneous in each w; which is the coefficient
set of IP;.

Proof. Suppose ord(R,u;) = h; > 0. Follow the notations used in Theorem 13. By Lemma 16,
R(u; o, ..., Zp) = 0. Differentiating this identity w.r.t. ug.‘) (j=1,...,1;) respectively, due to (6) we
have

R AR (k)
oR oR M
ou® 5 “‘)( Mlo((771> =0 ©)
uij ui0 i
In the above equations, o (k) (k ...,hj; j=0,...,1;) are obtained by replacing ujp by ¢ (i=0,

ij

1,...,n) in each d" respectively.

(k)
ij
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(k)

Multiplying (9) by uj; and for j from 1 to [;, adding them together, we get {l-(k)aa:'fk) +
Uio

i ® R anishes at (o, ..., ). Since

li (k) 3R
> i—o Uij 5 ®
J ) duij

=1 Ujj u® = 0. So the difference polynomial fy =)
= uf

ord(fy, ujp) < ord(R, ujp) and deg(fy) = deg(R), by Lemma 16, there exists an my € Z such that
fk =myR. Thus, by Lemma 36, R is transformally homogeneous in w;. 0O

The following result shows that if we regard Res as a map from Laurent difference polynomial
systems to their sparse difference resultants, it satisfies Resoo = o o Res.

Theorem 38. Let Py, ..., P, be a Laurent transformally essential system as defined in (2). Then Res(o (Py), .. .,
o(Py)) =0 (Res(Py, ..., Py)).

Proof. Since P; = ZZ:O uixMi, oP;) = Zzzoo(u,-k)a(Mik). Clearly, o(IP;) is a generic sparse
Laurent difference polynomial with coefficient vector o (w;) = (0 (ujp), ..., o (uj;)). Denote P° =
{oc(Pg),...,0(Py)}. It is easy to show that the symbolic support matrix of P is Dpo = diag(x, ..., X) -
Dp. So P9 is also a Laurent transformally essential system and its sparse difference resultant exists.
Thus, Z; = [P° 1N Q{o (ug), ..., o (uy)} = sat(Res(c (Po), ...,o (Py)),...).

Let H; = Y }_o 0 (ujk) M. Since each H; has the same support with IP; and its coefficient vector is
o (u;), Res(Hp, ..., Hp) = o (Res(Po, ..., Py)). Let Zy = [Hp, ..., Hy,] N Q{o (up), ..., o (uy)}. We claim
that Z; = 7, which implies that Res(Hp, ..., H;) = Res(o (Py), ..., o (P,)) and the lemma follows.

Let & = — Y k0 (U)o (Mi/Mio), 6 = — Y k_o 0 Wit)Mix/Mio and denote @ = |Jiyo (u;)\
{0 (ujp)}. As in the proof of Theorem 13, we can show that £ = (1, &, ...,&;) is a generic point
of 77 and 6 = (1,60, ...,6,) is a generic point of Z,. For any difference polynomial G € 71, G(§) =
0= (Z¢¢(0(Y))F¢,(u))/M(a(Y)) where ¢ and M are distinct difference monomials in o (Y). Then
Fy(u) =0 for each ¢. Thus, G(6) = (Z¢¢>(Y)F¢(u))/M(Y) =0 and G € Z, follows. So Z; C 7,. Simi-
larly, we can show that Z, C Z;. Hence, Z; = Z5. So Res(o (Pp), ..., 0 (Py)) = o (Res(Po, ..., Py)). O

4.2. Existence of nonzero solutions and incompleteness of difference projective space

In this section, we first give a condition for a system of Laurent difference polynomials to have
nonzero solutions in terms of sparse difference resultants, and then show that the difference projec-
tive space is not transformally complete.

To be more precise, we first introduce some notations. Let F be a difference field and € the
category of difference extension fields of F, where the morphisms are the difference homomorphisms.
By £ € €, we mean £ is a difference extension field of F.

Let A = {Mo, M1,..., M;} be a Laurent monomial set. For any £ € Cq, there is a one to one
correspondence between Lg(A) defined in (7) and 1. For P = Zi’:o ciM; € Lg(A), denote the
coefficient vector of P by C(P) = (co, ..., c;) € E1. Conversely, for any ¢ = (co, ..., ¢)) € EH1, denote
the corresponding Laurent difference polynomial by LL(c) = 25:0 ciM; € E{Y*}.

Let Ag,..., A, be a Laurent transformally essential system of Laurent monomials and £ € €g.
Clearly, each element (Pg, ..., Py) € Lg(Ap) x --- x Le(Ay) can be represented by one and only one
element (C(Py), ..., C(Py)) € & = 0+l x ... x Ent1 Let Z(Ay, ..., An) be the functor from ¢g to
the category of sets such that for each £ € &g,

Ze(Ag, ..., An) i={(Vo, ..., vp) € £ | L(Vg) = -~ =L(vy) =0
has common nonzero solutions for Y}.

Similarly, given S C Q{uy, ..., u,}, we define the difference variety V(S) over Q as a functor from
¢g to the category of sets such that for each & € €g,

Ve(S) :={(vo,....vn) €& f(Vo,....vn) =0,V f € S}.
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For two functors X and Y from € x to the category of sets, we write X C Y to indicate that X is a
subfunctor of Y. Namely, X¢ C Y¢ for every £ € € x. The following result shows that the vanishing of
the sparse difference resultant gives a necessary condition for the existence of nonzero solutions.

Lemma 39. Z(Ay, ..., Ap) S V(Res 4, 4,), where V(Res 4, ... 4,) is a difference variety over Q.

,,,,,

Proof. Let Py, ..., [P, be a generic Laurent transformally essential system corresponding to Ao, ..., A,
with coefficient vectors wug,...,u;. By Definition 15, Resy,, .. 4, € [Po,...,Pa]l N Qfug, ..., u,}.
For each £ € ¢ and any point (vo,...,Vn) € Zg(Ag, ..., An), let (Po,...,Py) € Le(Ag) x -+ X
Le(Ap) be the system represented by (vo,...,Vy). Since Pg, ..., P, have a common nonzero so-

lution, Res 4,
V(Res 4,

,,,,, A, Vo, ..., V) =0. So Zg(Ao, ..., An) S Ve(Res 4,
A,) follows. O

A,). Thus, Z(A,..., Ay C

Example 40. In Example 19, suppose F = Q(x) and o f(x) = f(x+1). Then we have Res(Py, P1, P2) #
0. But y; =0, y, =0 constitute a zero solution of Py =P; =P, = 0. This shows that Lemma 39 is not
correct if we do not consider nonzero solutions.

The following theorem shows that a particular principal component of the sparse difference resul-
tant gives a sufficient and necessary condition for a Laurent transformally essential system to have
nonzero solutions in a certain sense.

Theorem 41. Let Ty = [Py, ..., Py] N Q{uo, ..., uy} = sat(Res 4,, . A, R1,..., Rm) as defined in (8). Let
Z(Ao, ..., An) be the Cohn topological closure! of Z(Ao, ..., An) over Q, that is, the minimal difference
variety V over Q containing Z(Ag, ..., An). Then Z(Ao, ..., An) = V(sat(Res 4,,... A, R1, ..., Rm)).

Proof. Similarly to the proof of Lemma 39, we can show 7, vanishes at Z¢(Ao,..., An) for each
Eelp.So Z(Ao, ..., An) S V(sat(Res 4, 4,s R1,..., Rm)).

For the other direction, follow notations in the proof of Theorem 13. By Theorem 13, Zy y is a re-
flexive prime difference ideal with a generic point (1, ¢) where n = (71, ..., ny) is a generic point of
[0lguyy and ¢ = (o, Uot, -, Uoly: -+ -5 Cns Unts - - -, Uny). Let (Fo, ..., Fp) € Le(Aog) X --- x Lg(Ap) be
a set of Laurent difference polynomials represented by ¢ where £ = Q(¢). Clearly, n is a nonzero so-
lution of F; =0. Thus, ¢ € Z¢( Ao, ..., Ay). Since ¢ is a generic point of sat(Res 4, .. 4, R1,..., Rm),
we have V(sat(Res 4,,.. 4, R1,..., Rm)) € Z(Ao, ..., An) and the theorem is proved. O

Remark 42. If Problem 23 can be solved positively, then the vanishing of sat(R) also gives a sufficient
condition for Pg =--- =P, =0 to have a nonzero solution in the sense of Cohn topological closure.
That is, Z(Ao, ..., An) = V(sat(R)).

The following example shows that the vanishing of the sparse difference resultant is not a suffi-
cient condition for the given system to have common nonzero solutions.

Example 43. In Example 18, consider the specialized system Po =y — 1,P; = ygl) + y1. From Ex-
ample 18, it can be checked that Res(Pg, P1) =0, but Py = P; = 0 has no solutions. Note that in
this example, Z, = sat(R). Theorem 41 shows that Z(Ay, ..., A;) is dense in V(sat(R)). This example
shows that for certain A;, Z(Ao, ..., Ay) is a proper subset of V(sat(R)).

In the following, Example 43 is used to show that the difference projective space is not transfor-
mally complete. Before giving the main result, we introduce some basic notions.

' For rigorous definition, see Wibmer (2013).
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Definition 44. The difference projective (n-)space over F is the functor P" from € r to the category of
sets such that for each £ € € £, P"(£) is the projective (n-)space over £. Let S be a set of transformally
homogenous difference polynomials in F{zo,...,z,}. The subfunctor functor V(S) of P" given by
Ve(S)={aeP'(€)| f(@)=0, Vf €S} is called a projective difference variety over F.

More generally, given ny,...,n, € N, we define the p-difference projective space P" x ... x P"
over F as the functor mapping each £ € €x to P (€) x --- x P (£). Let (zjj)1<i<p,0<j<n; De a family
of difference indeterminates over F, set z; = (zj, ..., Zip;) and consider the difference polynomial
ring F{z1,...,2p}. Let f e Ffzq,...,2p}. If for each index i, f is transformally homogenous in z;,
f is said to be transformally p-homogenous in zi,...,zp. A projective difference zero of f is a point
@i, ...,ap) e PM(E) x --- x P (&) such that f(aji,...,ap) =0. A subfunctor V C P" x ... x P is
called a difference variety over F if there exists a set of transformally p-homogenous polynomials
S C Flzq,...,zp} such that V =V(S). And by V¢, we mean Vg (S). If for each £ € €x, Vg =0, then
we simply denote V = .

Definition 45. A projective difference variety V C P" over F is said to be transformally complete if
the projection 7 : P™ x V — P™ is transformally closed in the following sense: for each projective
difference variety W C P™ x V over F, there exists a projective difference variety V(S) c P" for
S C Flzo,z1,...,zm} such that for each £ € €x, a € Vg(S) if and only if a € m(Wg,) for some
difference extension field £; of £.

For convenience, V(S) that corresponds to W in Definition 45 is denoted by 7w (W). The following
result shows that the projective space is not transformally complete.

Theorem 46. P! over F is not transformally complete.’

Proof. Suppose P! is transformally complete. Consider 7 : P! x P! — P!, where the coordinate ring

of the first P! is F{yo, y1} and the coordinate ring of the second P! is F{zg, z}. Let W = V(yoy?) -

y1y81), zfyo — yﬂ%, zozgl) + 21281)) C P! x P1. Let 8 be an algebraic transcendental element over F.
We adjoin /B to F by defining o(8) = B and o (/B) = —/B. Then F; = F(/B) € €. Clearly,
(1,8:1,/B) e Wx,. So W # 4.

For transformally homogenous difference polynomials P;(zg,z1) (i=0,1) in zg and z1, define the
sparse difference resultant of Py, P; as Res(Po(1,z1),P1(1, z1)). If we regard z%yo — y1z(2),zoz§1) +

Q)
0

71z, as transformally homogenous difference polynomials in zg, z; with yg, y1 as coefficients, then,

by Example 18, yoygl) - yly(()l) is the sparse difference resultant of z%yo — ylz(z), zozgl) +z1z(()]>. Since

P! is assumed to be transformally complete, it is easy to show (W) = V(yoy?) - y1y(()1)). This is
equivalent to say that a specialized system of Z%yo — ylzé,zozgl) + 21281) has a common projective
difference zero in zg, z1 if and only if the sparse difference resultant vanishes. But Example 43 shows

this is impossible. Indeed, since (1,1) € Vf(ygy?) — y1yél)), (1,1) e mg(W) for some £ € €x. That

is, there exists (b, b1) € P1(€) such that (1,1;bo,b1) € We. By Example 43, b> — b2 = 0, bob!" +
b1b(()1) =0 have no solution in P!(£) for any £ € ¢ £, a contradiction. Thus, P! is not transformally
complete. O

4.3. Order and effective order bounds in terms of Jacobi numbers

In this section, we will give order and effective order bounds for the sparse difference resultant in
terms of the Jacobi number of the given system.

2 The theorem also holds in the case char(F) = p # 0. Since this paper only concerns the case of characteristic zero, we will
not give the proof.
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Consider a generic Laurent transformally essential system {Py,...,P,;} defined in (2) with u; =
(ujo, Uj1, ..., uj;) being the coefficient vector of P; (i =0,...,n). Suppose R is the sparse difference
resultant of Py, ..., P,. Denote ord(R, u;) to be the maximal order of R in uj (k=0,...,[;), that is,
ord(R, u;) = maxy ord(R, uj). If u; does not occur in R, then set ord(R, u;) = —oo. First, we have the
following result.

Lemma 47. If ord(R, u;) = h; > 0, then ord(R, uj;) = h; foreachk =0, ..., 1;.

Proof. First, for each k € {1,...,l;}, by differentiating R(u; p,...,) = 0 w.rt. ug:"),

aj(l:n W, o,....0) + 35::0 (u, {o,...,gn)(——,\'\;,’:g((%)(hi) = 0. Suppose ord(R, u;) = ord(R, uj,) = h;. If
ik i0
ko = 0, then az’%(u, o, ...,%n) # 0 by Lemma 16. So aa% # 0. Thus, ord(R, uj) = h; for each k.
Ujg' duy!
If ko # 0, then %(u, 20,---,¢n) #0 and —R_ # 0 follows. So by the case ko = 0, for each k,
u

. ()
duyg

we have

ikg

ord(R, ujx) =h;. O

Let B = (bjj) be an n x n matrix where b;; is an integer or —oo. A diagonal sum of B is any
sum 2?21 bis (i) with o a permutation of 1,...,n. Suppose A is an m x n matrix. Let k = min{m, n}.
A diagonal sum of A is a diagonal sum of any k x k submatrix of A. The Jacobi number of A is the
maximal diagonal sum of A, denoted by Jac(A).

Let s;j = ord(N(P;),yj) (i=0,...,n;j=1,...,n) and s; = ord(N(I;)). We call the (n+ 1) x n
matrix A = (sjj) the order matrix of Po,...,Ps. By A;, we mean the submatrix of A obtained by
deleting the (i+1)-th row from A. We use N(IP) to denote the set {N(PPp), ..., N(Pp)} and by N(P);, we
mean the set N(P)\{N(P;)}. We call J; = Jac(A;) the Jacobi number of the system N(P);, also denoted
by Jac(N(P);). The following result shows that the order of a difference system is closely related with
its Jacobi number.

Theorem 48. (See Hrushovski, 2004.) Let S = { f1, ..., fn} C F{Y} be a system of difference polynomials over
F and Z C F{Y} areflexive prime difference ideal minimal over the perfect difference ideal generated by S. If
T is of dimension zero, then the order of Z is bounded by Jac(S).

Before giving an order bound for the sparse difference resultant in terms of Jacobi numbers, we
first need several lemmas.

Lemma 49. (See Cohn, 1983; Lando, 1970.) Let A be an m x n matrix whose entries are 0’s and 1’s. Let
Jac(A) = J < min{m, n}. Then A contains an a x b zero sub-matrix witha+b=m+n — J.

Lemma 50. Let P be a Laurent transformally essential system with the following (n 4+ 1) x n order matrix

A Ar (=09)rxt
A A ’
wherer+t>n+1.Thenr+t =n+1and Jac(Ay,) > 0. Moreover, when regarded as difference polynomials
inyi,...,¥r—1, {Po, ..., Pr_1} is Laurent transformally essential.

Proof. The structure of A implies that the symbolic support matrix (for definition, see Section 3.3) of
P has the following form:

Dp = B11 Opxt
By1 By )’
Since P is Laurent transformally essential, by Theorem 31, rk(Dp) = n. As rk(Dp) < rk(Bi11) +

tk((B21 Bp) <(n—t)+(n+1—-1r=2n+1—(+t), r+t<n+1. Thus, r+t=n+1 fol-
lows. Since the above inequality becomes equality, By; has full column rank. As a consequence,
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rk(Dp) = rk(B11) + rk(B23). Hence, By is a t x t nonsingular matrix. Regarding Py, ..., Pr_1 as differ-
ence polynomials in yq,..., ¥r—1, then Byq is the symbolic support matrix of {Py, ..., P,_1} which is
of full rank. Thus, {Pg,...,[P,_1} is a Laurent transformally essential system.

It remains to show that Jac(Ay;) > 0. Suppose the contrary, i.e. Jac(Azy) = —oo. Let Ay be a t x t
matrix obtained from Aj; by replacing —oo by 0 and replacing all the other elements in Ay by 1's.
Then Jac(A3,) < t, and by Lemma 49, A1, contains an a x b zero submatrix with a+b = 2t —Jac(A2) >
t + 1. By interchanging rows and columns when necessary, suppose such a zero submatrix is in the
upper-right corner of A,;. Then

Ci1 (—00)axb D11 Oaxp
Az = and By = ,
22 <C21 6)) 22 D1 Dx
where a+b >t+1. So rk(By2) < (t —b) + (t —a) <t — 1 which implies that By; is singular, a contra-
diction. So Jac(Az2) >0. O

The following theorem gives an order bound for the sparse difference resultant in terms of Jacobi
numbers, which is the first main result in this section.

Theorem 51. Let P be a Laurent transformally essential system and R the sparse difference resultant of P.
Then® ord(R, ;) < J;.

Proof. Without loss of generality, we prove ord(R, ug) < Jo. Two cases are considered:

Case 1) Jo = —oo. We need to show that ord(R, up) = —o0. Since Jo = —oo, by Lemma 49, the order
matrix of N(IP’)@ has an r x t submatrix (—o0);x¢ with r+t >n+1. By Lemma 50, P contains a proper
Laurent transformally essential subsystem {P;,,...,P;} C P\{Po}. So the unique super-essential sub-
system of P is contained in P\{Pg}. Thus, by Theorem 34, R does not involve the coefficients of Py.
Thus, ord(R, ug) = —oc follows.

Case 2) Jo > 0. If ord(R, ug) = —o0, it is trivial that ord(R, ug) < Jo. Now suppose ord(R, ug) > 0.
Denote u = U?:o u;\{ujo} and G =10 U {uqo, ..., uno}. Let Jo = ((N(Py),...,N(Pp)]: M) Q@) (Y, 10.....110)
As in the proof of Theorem 13, it is easy to show that [Jy is a reflexive prime difference ideal of
dimension n. Since ord(R, ug) > 0, by Theorem 34, the unique super-essential subsystem of P con-
tains Pg. So the symbolic support matrix of N(P1),...,N(P,) is of full rank. For if not, there would
be a super-essential system contained in {Py, ..., Py}, a contradiction. By Lemma 30, {uqo,..., Uno}
is a parametric set of Jo. So J = [Jolgy(y; is a reflexive prime difference ideal of dimension 0.
Since 7 is a component of the perfect difference ideal generated by N(P¢), ..., N(P,) in Q(u){Y}, by
Theorem 48, ord(7) < Jo.

Suppose & = (£1,...,&n) is a generic point of J. Let T = ([J,NPo)l : M)qu(v,up) Nd
= —Z;le UokMok(§) /Moo (&) € Q(ln, €). Then, (§,¢) is a generic point of Z. Recall that Zy y =
(IN(Po), ..., N(Pn)] : m)qq¥.up....up} and Ty u N Qfuo, ..., up} = sat(R,...). Then 7 = [Zy ulgy(v,ug)-
Since ord(R,ugg) > 0, Zyy N Q{i} = {0}. So Z N Q(u){ugo} = sat(R,...) which has a generic
point ¢. Thus, by Cohn (1965, p. 79), ord(R, ugg) = tr.degQ(u, ¢)/Qa) < tr.degQ(u, £)/Q(a) =
ord(J)<Jo. O

Corollary 52. Let P be a super-essential system. Then J; > 0 fori =0, ...,n and ord(R, u;) < J;.

Proof. If J; = —oo for some i, as in the proof of Theorem 51, we can show that P contains a proper
super-essential subsystem, a contradiction. Therefore, J; > 0 for i =0, ..., n. By Theorem 51, for each i,
ordR,w;)) <J;. O

Example 53. Let n =2 and

3 Here, if J; = —oo, it means ord(R, u;) = —oo.
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1 1
IP’0=uoo+uo1y1y§), Py =u10 +u11y1, ]P’2=U10+u11yg)-

The sparse resultant is R = uogu“ug]]) + uglumuglo). In this example, the order matrix of P is A =

1 —o0
( 0 —oo). Thus Jo =1,]1 =2,Jo» = —o0. And ord(R,up) =0 < Jp,ord(R,uy) =1 < J1,ord(R, up) =
—oo 1
—00.

In the following, we give two improved order bounds based on the Jacobi bound given in Theo-
rem 51.
For each j e {1,...,n}, let 0;= min;{Lord(N(P;), y;) | Lord(N(P;), y ;) > 0}. In other words, 9; is the

©;) .
smallest number such that ¥; 7" occurs in {N(Pg), ..., N(P,)}. Denote Y= Z’}ﬂ 0;. Let B=(s;j —0))

be an (n+ 1) x n matrix. We call J; =Jac(B;) =]; — y the modified Jacobi number of the system IP.
Then we have the following result. o

Theorem 54. Let IP be a Laurent transformally essential system and R the sparse difference resultant of P. Then
foreachi, ord(R, u;) <J; — Y-

Proof. It is trivial for the case y = 0. Now suppose y > 0. First, we perform the change of variables
_ (0
yi= Y !

k (k—
y{ by y;
diag(x21, X%, ..., x%), it implies that rk(Dg) = rk(Dp) =n. Thus, Z = ®1n Q{up, ..., u,} is a reflexive
prime difference ideal of codimension 1. Recall that Zy = [Py, ..., P, 1N Q{ug, .. up} =sat(R,...). We
claim that 7 = 7y, which implies that R is the sparse difference resultant of P.

Suppose P; = ujoMjo + T; and P; = ujoM;o + T;. Let {; = —T;/M;p and 6; = —T;/Mjo. Denote u =
U?:o u;\{ujo}. As in the proof of Theorem 13, we can show that ¢ = (u, ¢o, ..., ¢n) iS a generic point
of Zy and 6 = (u, 6o, ...,6,) is a generic point of Z. For any difference polynomial G € Zy, G(¢) =
0= (Z(j)(Y)F¢(u))/(]_[',-1:1 M?é) where ¢(Y) are distinct difference monomials in Y. Then Fy(u) =0
for each ¢. Thus, G(9) = (X ¢(Y)Fs(w)/([Ti_; M%) =0 and G € Z follows. So Zy C Z. In the similar
way, we can show that Z C Z,,. Hence, Z = Z, and R is the sparse difference resultant of P. Since
Jac(P;) =Jac(Py) -y, by Theorem 51, the theorem is proved. O

) in IP to reduce the problem to the case y = 0. Let I@Di be obtained from P; by replacing

o) (j:l,...,n;kzgj) inP; (i=0,...,n) and denote I@:{I@’o,...,lﬁ’n}. Since Dp =D, -

Now, we assume that PP is a Laurent transformally essential system which is not super-essential. By
Theorem 34, P contains a unique super-essential sub-system P;. Without loss of generality, suppose
I={0,...,r} with r <n. Let A be the order matrix of P; and for i =0,...,r, let (A;); be the matrix
obtained from A; by deleting the (i + 1)-th row. Note that (Aj); is an r x n matrix. Then we have the
following result.

Theorem 55. With the above notations, we have

< 2 | =
Ol‘d(R, ui): hl _JaC((A[)l) l 01 "~5r7
—00 i=r+1,...,n.
Proof. It suffices to show that ord(R, u;) < Jac((A;);) for i =0,...,r. Let L = ujo + Z'}zl ujjy;j for
. . . . Mik. . .
i=r+1,...,n Since P, is super essential, there exist M,’ol (i=1,...,r) such that their sym-
bolic support matrix B is of full rank. Without loss of generality, we assume that the r-th prin-
cipal submatrix of B is of full rank. Consider a new Laurent difference polynomial system P =

Py U {Ly41,...,Ly}. This system is also Laurent transformally essential, since the symbolic support
. M . . . .
matrix of M;f(; e, % Yr+1, - -, yn is of full rank. Moreover, P; is the unique rank-essential subsys-

tem of P. So R is also the sparse difference resultant of P. Since the order vector of L; is (0,...,0)
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fori=r+1,...,n, Jac(ﬁg) =Jac((Ay);) for i =0,...,r. By Theorem 51, ord(R,u;) < Jac((A);) for
i=0,....,r. O

Example 56. In Example 53, I = {0,1}. Then A; = (1 0)T. Thus Jac((An)g) =0, Jac((Ap);) = 1. For
this example, the exact bounds are given: ord(R,up) = 0 =Jac((Aj)p), ord(R,u;) =1 = Jac((Ap)3),
ord(R, uy) = —00

We conclude this section by giving an improved Jacobi-type bound for the effective order of the
sparse difference resultant.
Assume P is a Laurent transformally essential system whose sparse difference resultant is R.

By Lemma 47, u(g) effectively appears in R if and only if u® effectively appears in R for each

ik

k €{0,...,l;}. Thus, we can define Lord(R, u;) = Lord(R, ujg) and Eord(R, u;) = ord(R, u;) — Lord(R, u;)
whenever u; effectively appears in R.

For further discussion, suppose P; is the super-essential subsystem of {Pg,P,...,P,}. With-
out loss of generality, assume I ={0,1,..., p}. For each i € {0, ..., p}, let 5; = min’}zl{Lord(Pi,yj) |

Lord(P;, yj) # —oo} and s = Zf’zogi. LetJi=Ji—s +s;. Then,
Theorem 57. The effective order of R in u; is bounded byT,- foreach0 <i<p.

Proof. Let m = max?

i_o ;- Consider the following difference system

Pr= (P p)

which is also super-essential. Suppose R; is the sparse difference resultant of P;. Clearly, Ry €
Zy =[Py, ..., Pp]1 N Qfug, ..., up}, so ord(Ry,u;) > ord(R,u;) for each i € {0,..., p}. Since ylm 1

(j=1,...,n) do not occur in Py, by replacing y?) (j=1,...,n) by zﬁ.[fm) in P;, we obtain a new
system P,. As in the proof of Theorem 54, we can show that R1 is also the sparse difference resultant
of P,. Suppose B is the order matrix of 7. Clearly, Jac(B;) _J, By Theorem 55, ord(Ry, u; (m=s; )) <lJi.
So Eord(R1, u;) <J, and ord(Ry, u;) <J, +m—s; foreach i €{0,..., p}.

Let h; = ord(R,u;) and o; = Lord(R, u;). We need to show that h; — o; <J1 holds for each i e
{0, ..., p}. Suppose the contrary, i.e. there exists some ig € {0, ..., p} such that Eord(R, u;;) = hj; —
iy > Jio- . . .

Suppose h;j, = ord(Ry, u;,) and 0;, = Lord(Ry, u;,). Then, h;, > h;, and Eord(Rq, u;,) = h;j; — 0, <
Tio < hj, — 0j,. Clearly, oMo uj,0 appears effectively in both oMoMioR and R;. Let Bq be the Sylvester
resultant of oo MoR and Ry w.r.t. oo uj0. We claim that By # 0. Suppose the contrary, then we
have oo ~MoR | Ry, for R is irreducible. This is impossible since o Mio ~hig i uj,o appears effectively in
oMo ~MoR while not in Ry for f_l,o hiy + 0i, < 0.

Let hl0 = ord(B1, Uj,) and 0j, = Lord(B1 u,oo) Since B;p is the resultant of o“’o_h‘OR and Ry,
hi, < h,0 and 0j, > h,0 — hj, +0j,. Then h,(J —0j < hlo (h,0 — hiy +0iy) =hj, — o,0 Since Bi € Zy, by
Lemma 16, ord(B1, uj,0) > ord(R, ujy0). Repeat the above procedure for By and oMo~MoR, we obtain
a nonzero difference polynomial By € Z, and ord(B2, uj,0) < ord(B1, uj,0). Continuing procedures in
this way, one can obtain a nonzero Bj € Zy such that ord(By, uj,0) < ord(R, u;,0) which contradicts
Lemma 16. O

0

By the proof of the above theorem, the order of Ry with respect to u; is bounded by J; +m — S;.
Thus, we have the following new order bound for R.

Corollary 58. Let R and 7, i=0,...,p) be defined as above. Then the order of R in w; is bounded by J; =
], +5s—s;=Ji—s+sforeach0<i <pwheres_maxf' oS
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Example 59. Let Po = ugo + uo1y1 +toz2y2, P1 =u10 +u11y1 +u12y§”, Py =uyo +u21y1 ) Fux yé”.
Then Jo=Jo=2Ji=Ji=1Jh=)h=1, Jo _j1 =J2 = 0. By Corollary 58, Jo =1, J1 =0, Jo = 0. Notice
OO

Ugo Uo1 “02
ujo U1 U2
uzo uz1 U2
of R respectively.

that R= and To :T1 =J» =0, Jo=1, J1 =] =0 give the exact effective order and order

5. Sparse difference resultants as algebraic sparse resultants

In this section, we will show that the sparse difference resultant is equal to the algebraic sparse
resultant of certain generic sparse polynomial system, which leads to a determinant representation
for the sparse difference resultant.

5.1. Preliminaries on algebraic sparse resultant
We first prove several properties on algebraic sparse resultants which are needed in this paper.

For more details about sparse resultant, please refer to Gelfand et al. (1994) and Sturmfels (1993).
Let By, ..., By be finite subsets of Z". Assume 0 € 13; and |5;| > 2 for each i. For algebraic indeter-

minates X = {x1,...,%,} and o = (a1, ..., o) € Z", denote X% = ]_[l 1X “' . Let
Fi(x1,...,%:) =cio + Z CieX¥ (i=0,...,n) (10)
aeBi\{0}

be generic sparse Laurent polynomials, where c;, are algebraic indeterminates. We call 3; the support
of F; and w; = ZaeBi Ciq is called the symbolic support vector of IF;. The smallest convex subset of R"
containing B; is called the Newton polytope of IF;. For any subset I C {0, ...,n}, the matrix D; whose
row vectors are w; (i € I) is called the symbolic support matrix of {IF; :i € I}. Denote ¢; = (Cig)oess; and
¢ =Ujer G-

The following result is a direct consequence of Lemma 30 in the algebraic case.
Lemma 60. For any subset I C {0, ...,n}, tr.degQ(c;)(F; :i € I)/Q(cy) = rk(Dy).

Definition 61. Follow the notations introduced above.

o A collection of {IF;}ics is said to be weak essential if rk(D;) = |I| — 1.
e A collection of {[F;}ic; is said to be essential if rk(D;) =|I| — 1 and for each proper subset ] of I,
k(D) = []|.

Similar to Theorems 31 and 34, we have the following two lemmas.

Lemma 62. The system {FF;}ic; is weak essential if and only if (F; : i € I) N Q[c] is of codimension one. In this
case, there exists an irreducible polynomial R € Q[c;] such that (F; :i € I) N Q[c;] = (R) and R is called the
sparse resultant of {F; : i € I}.

Proof. Let ¢ = _ZaeBi\{O] Cio X% and ¢ = (¢))ies. Then it is easy to show that 6 = (x1,...,%,, ) is
a generic point of (F; : i € e;\{cio))[X,cioziel]- Thus, ¢ is a generic point of (F; :i e I) N Q[¢/] and its
codimension is equal to |I| — tr.degQ(c;\{cio}) (i : i € I)/Q(ci\{cio}) = |I| — tr.degQ(c))(F; :i e 1)/
Q(cy) = |I] — rk(Dy) by Lemma 60. By Definition 61, the first assertion follows. The last part of the
lemma follows from a basic property of prime ideals of codimension one in algebraic geometry. O

Lemma 63. {IF;};c| is essential if and only if (F; :i € I) N Q[c;] = (R) and c; appears effectively in R for each
iel
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Proof. The lemma follows from Lemma 62 and the fact that if (F; :i € )N Q[c;] = (R), then for each j,
(F;:i# ) NQlc;:i# jl={0} is a necessary and sufficient condition for ¢; appearing effectively
inR O

Suppose an arbitrary total ordering of {Fo,...,F,} is given, say F, > --- > F; > Fp. Now we
define a total ordering among subsets of {Fo,...,F,}. For any two subsets D = {Dy,..., Ds} and
C ={Cop,...,C¢} where Dg > ---> Dg and Co > --- > C¢, D is said to be of higher ranking than C,
denoted by D > C, if 1) there exists an i < min(s,t) such that Do = Cy, ..., Dj—1 = Cj_1, Dj > C; or
2)s>tand Dij=C; (i=0,...,t). Note that if D is a proper subset of C, then C > D.

Lemma64. et F = {F;:i=0,...,n}bethesystemgivenin (10). Suppose rk(Dr) < n. Then IF has an essential
subset with minimal ranking.

Proof. It suffices to show that F contains an essential subset, for the existence of an essential subset
with minimal ranking can be deduced since “>" is a total ordering.

Let 7; = F\{Fo,...,Fi_1} (i=1,...,n) and 7o = F. We claim that at least one of 7; is weak
essential. If rk(D7;) =n, we are done. Otherwise, rk(D7;) < n. It is clear that rk(D7;) =rk(D7; ;) or

tk(D7;) =rk(D; ;) —1 fori=1,...,n—1, so when deleting one row from the matrix, the co-rank,
i.e. | 7i| — rk(D7;), will be unchanged or decreased by 1. Since rk(D7;) < n, the co-rank of D7; is larger
than 1. Since the co-rank of D, is 0, there exists a k € {1,...,n — 1} such that the co-rank of D7,

is 1. Then D7; is weak essential. Now, let R be the sparse resultant of 7 and let C be the set of
F; € Tx such that the coefficients of F; occur in R effectively. Then, C is an essential subset of F by
Lemma 63. O

An essential system {FF;};c; is called variable-essential if the number of x; appearing effectively in
F; (i€l) is |I| — 1. The following lemma shows that a variable-essential system can be obtained from
an essential one.

Lemma 65. Suppose ) = {IF; : i € I} is essential. Then there exist n — |I| + 1 of the x; such that by setting
these x; to 1, the specialized system IF; = {IF; : i € I} satisfies

(n F, is still essential. N
(2) rk(DF,) = |I| — 1 is the number of variables in F.

(3) (F1) NQIer] = F)) NQleyl.

Proof. Let D; = (mjj)1jxn be the symbolic support matrix of ;. Since F; is essential, D; con-
tains a submatrix of rank [I| — 1. Without loss of generality, we assume the matrix Do =
(Mjj)i=1,...)1—1; j=1,...,)11—1 is of full rank. Then consider the new system [F; obtained by setting x; =1

(i=|I|,...,n) in Fj. Since Dy is a submatrix of DF’, ﬁ, is weak essential. By Lemma 62, we have
) NQler] = (R) and (F,) N Qle] = (ﬁ) where R,R are irreducible polynomials in Q[c;]. Hence,
there exists a monomial m € Q[x1, ..., %] such that mR = > QiF;. Set x; =1 (i =|I|,...,n), then

we have MR =) Q;F;. Hence Re (R). Since both R and R are irreducible, (E) = (R) and (2) follows.
Thus, ¢; (i € I) appears effectively in R, for F; is essential. By Lemma 63, F; is essential and (1) is
proved. (2) is obvious and the lemma is proved. O

Lemma 66. Let F = {[Fy, ..., F,,} be a variable-essential system of the form (10). Then we can find an invertible
variable transformation x; = [Tj_, ZT”, o xn =T zT"j for mj; € Q, such that the image G of F under
the above transformation is a generic sparse Laurent polynomial system satisfying

(1) G is variable-essential.

(2) Spang(B) =Z", where B is the set of the supports of all monomials in G.

(3) ) NQlc] = (G) NQIc].
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Proof. This is a direct consequence of the Smith normal form method (Cohen, 1993, p. 67). Also see
Shen et al. (2011) for an alternative proof. O

We call a system F = {F;:i=0,...,n} strong essential if F satisfies conditions (1) and (2) in
Lemma 66. Recall that condition (2) is a basic requirement for studying sparse resultants in historic
literatures and a strong essential system here is just an essential system as defined in Sturmfels (1994)
and D’Andrea (2002). If F is strong essential, a matrix representation for R can be derived, that is,
R can be represented as the quotient of the determinants of two matrices as shown in D’Andrea
(2002). Moreover, the exact degree of the sparse resultant R can be given in terms of mixed volumes
(Sturmfels, 1994), famous as the BKK-type degree bound. That is,

Theorem 67. (See Sturmfels, 1994.) Suppose F = {IF; : i =0, ..., n} is a strong essential system of the form

(10). Then, for each i € {0, 1, ..., n}, the degree of the sparse resultant in w; is a positive integer, equal to the
mixed volume
M(Qo, ..., Qic1, Qig1s .., Qo) = > (—1)”"“v01(2 Qj)
JC{0,...,i—1,i+1,...,n} je)

where Qj; is the Newton polytope of T;, vol(Q) means the n-dimensional volume of Q C R" and Zje] Qjis
the Minkowski sum of Q; (j € J).

5.2. Sparse difference resultant as algebraic sparse resultant

Let P = {Pg,...,IP,} be a Laurent transformally essential system as defined in (2). Given a vector
k= (ko,ki,....,kp) € Ng“, the Laurent polynomial system U,P:O IP’l[k"] is called a prolongation of the

system PP with respect to k, denoted by PIKl. Since the coefficient vector of ]P’Ej) is (ul%), ...,ufl{)),

the coefficients of distinct Laurent polynomials in P! are algebraically independent over Q. Thus,
regarded as purely algebraic Laurent polynomials, P¥! is a system of generic sparse Laurent polyno-
mials. In this section, we will show that the sparse difference resultant of P is closely related to the
algebraic sparse resultant of a certain system obtained from a prolongation of PP.

With the above preparation, we now give the main result of this section.

Theorem 68. Let R be the sparse difference resultant of the Laurent transformally essential system (2). Then
we can obtain a strong essential generic algebraic sparse polynomial system S from (2), such that the sparse
resultant of S is equal to R.

Proof. By Theorem 34, the system (2) has a unique super-essential subsystem P;. Without loss of
generality, assume [ ={0,1,..., p}. Foreach i € {0, ..., p}, let k; =Jac((A);) as defined in Theorem 55

and let k= (ko, k1, ..., kp) € Ng“. Let

p
P =Nkl (11)
i=0
be the prolongation of N(P); with respect to k. Then 7 is a generic sparse polynomial system in
variables y?’) with coefficients U = [J{_, ul{k"]. In the rest of the proof, P is considered as a set of
algebraic polynomials in variables y,.(j).

A total ordering for polynomials in 7 is assigned as follows: o¥P; < ¢!P; if and only if i < j or
i=j and k <. A total ordering > among subsets of P is the same as the one given in Section 5.1. By
Theorem 55, rk(Dp) < Zf:O ki + p =|P|— 1. By Lemma 64, we can construct an essential subsystem
P1 of P with minimal ranking. Let Ry be the sparse resultant of Py, that is, (P;) NQ[U] = (Ry).

We claim that R; =c - R for some c € Q. Since IP; is super essential, for each i € I, ord(R, u;) > 0.
By Theorem 55, R € (P). Let P, be the elements of P whose coefficients appear effectively in R. By
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Lemma 63, P, is essential and (P2) N Q[U] = (R). Let k; and k, be the largest integers such that
ok Pp € P and okZIP)p € P;. Since P; and P, are essential, ord(Ry, up) =kq and ord(R,up) = k;.
Since P, > P1, k1 <kz. Since Ry € (P1) N Q[U] C [P1] N Qfug, ..., up} =sat(R,...), by Lemma 16,
k1 > ko. Hence, k1 =k, i.e. ord(Ry, up) = ord(R, up). Since Ry € sat(R, ...), Ry is algebraically reduced
to zero by R. Since both R and Ry are irreducible, R = cRy for some c € Q.

Apply Lemma 65 to P;, we obtain a variable-essential system P3 satisfying (P3) N Q[U] = (R).
Then apply Lemma 66 to P3, we obtain a strong essential generic system S satisfying (S) NQ[U] =
(R) and the existence of S is proved.

We will show that S can be given algorithmically. Through the above procedures, only Lemma 64
is not constructive. Since P contains an essential subsystem, we can simply check each subsystems S
of P to see whether S is essential and find the one with minimal ranking. Note that S is essential if
and only if rk(Ds) =|S| — 1 and any proper subset C of S satisfies rk(D¢) =|C|. O

Example 69. Let n = 3. Denote y;j = ygj) and let P = {Pg, Py, P;, P3} where Po = uqo +uo1y2,¥3,¥3 +
u2y?y2ys, P1 =10+ u11y}, 5,53 +u12y3 y21y31, P2 = uz0 + u21y3,y3, y3 + u22y3y2y3 and P3 =
u3g +U31Y11Y3.

It is easy to show that P is a Laurent transformally essential system and I = {0, 1,2}. Clearly,
Jac((An)g) = 3,]Jac((Ap)7) =2 and Jac((Ar);) = 3. Using the notations in Theorem 68, we have P =
{PE],P?],P?]}, and we can compute an essential subset 7P; with minimal ranking. Here, we have
P1 = {oPg, P1,0P,}. Using the variable order y11 < y12 < y21 < Y22 < ¥31 to obtain the symbolic
support matrix of Pp, the first 2 x 2 sub-matrix of Dp, is of rank 2. By the proof of Lemma 65,
we set Y21, Y22, Y31 to 1 to obtain a variable essential system P, = {0 Py, P1,0P2} where cPg =
oo gy v, Hugy v, P = unotunydy +unayty, oFz =uy iy y3, +u3) v3;. Apply Lemma 66 to
P, set z1 = y%l, = y%z, we obtain a strong essential generic system P3 = {Qg, Q1, Q2} where Qg =

u&; + u(()11>22 + HSZ)ZL Q1 =u10+ U123 + u12z; and Q2 = ”go) + ug])zz + ugz)z]. The sparse resultant

: 1), (1 1,1 1,1 1), (1 1), (1 1,1 1), (1
of P is R =uroul — uusd? + unuffuly — gl + un ) — )l -

uélfugz)). which is the sparse difference resultant of PP.

The following corollary is a direct consequence of the proof of Theorem 68 and D’Andrea (2002).

Corollary 70. The sparse difference resultant R of a Laurent transformally essential system (2) can be repre-
sented as the quotient of two determinants whose elements are ufj’f) or their sums for certaini € {0, ...,n}, j €
{0,...,li}and k € {0, ..., ]i}, where J; is the Jacobi number of the system (2) as defined in Section 4.3.

Remark 71. It is desirable to derive a degree bound for R from Theorem 68. Let S be the strong
essential set mentioned in the theorem. Then, the degree of R is equal to the mixed volume of S by
Theorem 67. The problem is how to express the mixed volume of S in terms of certain quantities of
P; without computing S.

6. A single exponential algorithm to compute the sparse difference resultant

In this section, we give an algorithm to compute the sparse difference resultant for a Laurent
transformally essential system with single exponential complexity. The idea is to estimate the degree
bounds for the resultant and then to use linear algebra to find the coefficients of the resultant.

6.1. Degree bounds for sparse difference resultants

In this section, we give an upper bound for the degree of the sparse difference resultant, which
will be crucial to our algorithm to compute the sparse resultant. Before proposing the main theorem,
we first give some algebraic results which will be needed in the proof.
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Lemma 72. (See Heintz, 1983; Vogel, 1984.) Let V1, ..., V. (r > 2) be pure dimensional projective varieties
in P". Then

1_[ deg(V;) > Z deg(C)

i=1
where C runs through all irreducible components of V1 N ---N V.

Lemma 73. (See Heintz, 1983; Li et al., 2011.) Let Z be a prime ideal in IC[X] and Z, = Z N K[x1, ..., x/] for
any 1 <r <n. Then deg(Z;) < deg(2).

Now we are ready to give the main theorem of this section.

Theorem 74. Let Py, . .., P, be a Laurent transformally essential system of the form (2) with ord(N(P;, y j)) =
sij and deg(N(P;), Y) = m;. Suppose N(IP;) = Z;tf:o ujx Nj, and J; is the Jacobi number of {N(Po), ..., N(Pp)}\
{N(P;)}. Let R be the sparse difference resultant of IP;. Suppose ord(R, u;) = h; for each i. Then the following
assertions hold:

1) deg(R) < [T'_q(m; + Dt < (m + 1)Zi=0UitD), where m = max; {m;}.
2) R has a representation

n hi n h;
k)\deg(R
l_[l—[(Ni(O)) el )'R=ZZGikN(Pi)(k) (12)
i=0 k=0 i=0 k=0
where Gij € Qrul!, ... ulfnd yld |yl with £; = max™_ {hy + sij) such that deg(Gj(PN)D) <
[m+1+ 3 i_o(hi + 1) deg(Nig)] deg(R).

Proof. In R, let ujp be replaced by (N(P;) — Z;{":] uixNix)/Nijp for each i =0,...,n and let
R be expanded as a difference polynomial in N(P;) and their transforms with coefficients in
Q{Y%; up, ..., u,}). Then there exist aj € N and polynomials Gy, such that [T 01‘[“’ N(g))aikR:
Yo Yo GkNP)® + T with T € Qfu, Y} free from ujo. Since T € Zy,u N Q{u, Y} = {0} by Theo-
rem 13, T =0. Thus,

n n h;
1—[1—[ N(k) ka ZZGikN(Pi)(’().

i=0 k=l i=0 k=0

[t1]

1) Let t; = max!_,{h; + s;;} and Yt = {y] , yInly Denote m!!! to be the set of all monomials

in Y. Let 7 = (N(Pg)l0), ... N(P,)ln]y : mlt] be an algebraic ideal in R = QY ufl!, .. wul"].
Then R € J by the above equality. Let n = (11, ..., 1,) be a generic zero of [0] over Q(u) and denote
Zk 1 Uik N’gEZ; (i=0,...,n). It is easy to show that 7 is a prime ideal in R with a generic

zero (nm u, {[h"] ...,¢imly and Jﬂ@[ugh’)],...,u,[,ll”]] = (R), where 1 = Uiu,[h"]\{ul[g"]}. Let Hj, be
the homogeneous polynomial corresponding to N(P;)® with xo the variable of homogeneity. Then
J° = ((Hik)1<i<n:0<k<n,) : ™ is a prime ideal in Q[XO,Y[t],uEhO],... ul] where # is the whole set
of monomials in Y and xp. And deg(7°) = deg(.7).

Since V((Hi)1<i<n:0<k<h;) = V(T °) U V(Hi, x0) U, V(Hi, yﬁ.l)), V(J%) is an irreducible compo-
nent of V((Hi)1<i<n;0<k=n;)- By Lemma 72, deg(J°) < i o [T, o(mi + 1) = [L_o(m; + D+, Thus,
deg(7) < [[l_o(mi + D+1. Since J N Q[ugh"],...,ukh”]] = (R), by Lemma 73, deg(R) < deg(J) <

[T omi + DM < (m+ 1)ZioUi+D follows. The last inequality holds because h; < J; by Theorem 54.
2) To obtain the degree bounds for the above representation of R, that is, to estimate
deg(GiN(P)®) and aj, we take each monomial M in R and substitute ujy by (N(P;) — ZL] uixNik)/
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Njp into M and then expand it. To be more precise, we take one monomial M(u; ugo, ..., Uny) =
u [T, ]_[Z":O(u%))dik with |y + Y1, ZZ":O dix = deg(R) for an example, where u” represents a
difference monomial in u and their transforms with exponent vector y. Then

n h I; (k)\ dik n ki
M (u; UOOm--»unO)=uyl_[l_[<<N(Pi)_ZuikNik> ) /HH(Nfg))d”‘.
k=1

i=0 k=0 i=0k=0

When expanded, every term of []i_, ]_[Z":O(N,.(g))dikM is of degree bounded by |y |+ Y i, ZZ;O(mi +
1dik < (m + 1)deg(R) in ugh‘)],...,u,[,h”] and Y. Suppose R=3",,auM where ay € Q and given
aix = maxy{die). Then [To [TeLo (NG R = g Y4 GaN@)™® and deg(GaNE)®) < (m+1) x
deg(R) + X1, EZ;O deg(Njo)ajx. Take aj, = deg(R), then (12) follows. O

For a transformally essential difference polynomial system with degree zero terms, the second part
of Theorem 74 can be improved as follows.

Corollary 75. Let P; = ujp + ZL] ujxNj (i =0,...,n) be a transformally essential difference polyno-
mial system and R be the sparse difference resultant of ;. Suppose ord(R, u;) = h; for each i and m =
max;{deg(P;, Y)}. Then R has a representation

n hi
Ruo.....up) =Y > GijP”
i=0 j=0
where Gjj € Q[ugm],...,u,Hh"J,ygm,...,y},t”J] with tj = max?zo{hj + sij} such that deg(GU]P’,.(j)) <

(m+1)deg(R) < (m + 1)Zi=o(tiFD+1,
Proof. It is direct consequence of Theorem 74 by setting Njp=1. O

6.2. Asingle exponential algorithm to compute the sparse difference resultant

If a polynomial R is a linear combination of some known polynomials Fi(i =1,...,s), that is
R = Zle H;F;, and we know the upper bounds of the degrees of R and H;Fj, then a general idea to
estimate the computational complexity of R is to use linear algebra to find coefficients of R. For the
sparse difference resultant, we already have given its degree bound and the degrees of terms in the
linear combination as in Theorem 74.

Now, we give the algorithm SDResultant to compute sparse difference resultants based on linear
algebra techniques which is almost identical to the differential case (Li et al., 2012). The algorithm
works adaptively by searching for R with an order vector (hg,...,h;) € Ng‘” with h; <]J; by Theo-
rem 74. Denote 0 = Z?:o h;. We start with o = 0. And for this o, choose one vector (hg,...,h,) at
a time. For this (hg, ..., hy), we search for R from degree d = 1. If we cannot find an R with such a
degree, then we repeat the procedure with degree d + 1 until d > ]_[?zo(mi + DM+ In that case, we
choose another (ho, ..., h,) with 3o h; = o. But if for all (ho,...,h,) with h; <]J; and Y} |_oh; =o,
R cannot be found, then we repeat the procedure with o + 1. In this way, we will find an R with the
smallest order satisfying Eq. (12), which is the sparse difference resultant.

Theorem 76. Let P = {Py, ..., Py} be a Laurent transformally essential system of the form (2). Let J; =
Jac(N(P)y), | = 3% oJi and m = max; deg(N(P;), Y). Algorithm SDResultant computes the sparse difference
resultant R with the following complexities:
1) In terms of a degree bound D of R, it needs at most O(Wﬁw
wherel=Y"1_(; + 1) is the size of all P;.

) Q-arithmetic operations,
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Algorithm 1 SDResultant(P, ..., Py).

Input: A generic Laurent transformally essential system Py, ..., Pp.
Output: The sparse difference resultant R(uy, ..., u,) of Py, ..., Py.

1.Fori=0,...,n set N(Py) = Y0_ uy Ny with deg(Nig) < deg(Ny).
Set m; = deg(N(IP;)), mjo = deg(Njp), u; = coeff(P;), |u;| =1; + 1.
Set sij = ord(N(P}), y;), A = (sij) and compute J; = Jac(A;).
2. Set R=0, 0 =0, m = max;{m;}.
3. While R=0 do
3.1 For each (ho, ..., hy) € Ng*! with 37 o hi =0 and h; <]; do
311 U =g ul™, ¢ = max® o {h; +eyj), Y1 =yl ylndy g =1,
3.1.2. While R=0 and d < []}_y(m; + D+ do
3.1.2.1. Set Ry to be a homogeneous GPol of degree d in U.
3.1.2.2. Set ¢y = coeff(Rg, U).
3.1.2.3. Set Gij(i =0,...,n; j=0,..., h;) to be GPols in variables Y! and U
of total degree [m+ 1+ Y 1 (hi + Dmjpld —m; — 1.
3.1.2.4. Set ¢jj = coeff(Gij, YV U U).
3.1.2.5. Set P to be the set of coefficients of ]'[i":O ]_[;:’ZO(N,-(!;))dRo—
o Z?‘i:o Gij(N(P;))¥ as a polynomial in Y* and U.
3.1.2.6. Note that P is a set of linear polynomials in Z[co, ¢;j].
Solve the linear equation P =0 in ¢g and c;;.
3.1.2.7. If ¢y has a nonzero solution, then substitute it into Ry to
get R and go to Step 4, else R=0.
31.28.d:=d+1.
32.0:=0+1.
4. Return R.

/= / GPol stands for generic algebraic polynomial.

// coeff(P, V) returns the set of coefficients of P as a polynomial in variables V.

2) The algorithm needs at most O ((J +n + 2)° WD m 4 1) 0WHDI++D) 'y Q-grithmetic operations.

Proof. The algorithm finds a difference polynomial P € Q{uy, ..., u,} satisfying Eq. (12), which has
the smallest order and the smallest degree among those with the same order. Existence for such a
difference polynomial is guaranteed by Theorem 74. Such a P must be in Z, = sat(R,...). Since each
difference polynomial in sat(R,...) not equal to R either has greater order than R or has the same
order but greater degree than R, P must be R (up to a factor in Q).

We will estimate the complexity of the algorithm below. Denote D to be the degree bound of R.
By Theorem 74, D < (m + 1)Zi=0Uit) = (m 4+ 1))+"*+1 where ] = Y7 J;. In each loop of Step 3, the
complexity of the algorithm is clearly dominated by Step 3.1.2, where we need to solve a system of

linear equations P =0 over Q in ¢y and ¢;j. Clearly, |co| = (#flf) and |¢jj| = (d1 —mL—JerrZLﬁLz)_ where

Ly = Ul = Yo + D+ 1), L =Y = 3j_; (maxi{hi +ejj} + 1) and dy = [m +1+ Y o(hi +

1)migld. Then P =0 is a linear equation system with W = (dﬁjl) + 30 ohi + 1)(d1 —mi— it

Li+Ly
variables and W, = (dﬁiyz) equations. To solve it, we need at most (max{Wi, W, })® arithmetic

operations over Q, where w is the matrix multiplication exponent and the currently best known w is
2.376.

The iteration in Step 3.1.2 may go through 1 to [[l_o(m; + D*! < (m + 1ZioUi+D | and the
iteration in Step 3.1 at most will repeat ]_[?:O(J,- + 1) times. By Theorem 74, Step 3 may loop from
0 =0 to ]. In the whole algorithm, Ly < >0 o(Ji+ D(li+1) <[ +1, Ly = Y] < Y7_, (max;{Ji +eij} +
1) =] +n by Li et al. (2012, Lemma 5.6), and dq < [m + 1+ > 1 o(i + Dmi]D = (m(J +n +2) +
DD, Thus, Wy < (PFIHTT) 4 00 o (s + 1 (MO PR THIFEIET) and max(Ws, Wa) < (+n+
2) ([m(]+n+2)+1]D+IJ+l+J+n)

++]+n :
Hence, the whole algorithm needs at most
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l_[i":O (m,—+1)“i“

J
Z Z Z (max{W1, W2})2.376

0=0  hi<); d=1
ho+++ha=0
n 2.376
< +1) D |g+n+2
- (ga' )> [G )( J+14+]+n
+n+1 n+1 )
< G+n+2)3.376% .D. [[m0+n+2)+1]D]2 376(IJ+I+]+n)

Q-arithmetic operations. In the above inequalities, we assume [m(J+n+2)+ 11D > +1+] +n.

Since I > 2(n+ 1), the complexity bound is O ([(m(J +n+ 2) + 1)D]1°W+D /n™). Our complexity as-
sumes an O (1)-complexity cost for all field operations over Q. Thus, the complexity follows. Now 1)
is proved. To prove 2), we just need to replace D by the degree bound for R in Theorem 74 in the
complexity bound in 1). O

Remark 77. As we indicated at the end of Section 3.3, if we first compute the super-essential set I,
then the algorithm can be improved by only considering the Laurent difference polynomials IP; (i € I)
in the linear combination of the sparse resultant.
7. Difference resultant

In this section, we introduce the notion of difference resultant and prove its basic properties.
Definition 78. Let m; , be the set of all difference monomials in Y of order <s and degree <r. Let
u = {um}mMem,, be a set of difference indeterminates over Q. Then, P =3y, umM is called a

generic difference polynomial of order s and degree r.

Throughout this section, a generic difference polynomial is assumed to be of degree greater than

zero. For any vector « = (ay, ..., 0p) € Z™ and X = (x1, ..., Xy), denote x]'x5? - --x;" by X*. Let
Pi=uo+ Y, u(Y)" (=0.1.....n (13)
anTé"H)
1<|ar|<m;

be n + 1 generic difference polynomials in Y of order s;, degree m; and coefficients w;. Since

{1, y1,...,yn} is contained in the support of each Pj, {Pg,Pq,...,P;} is a super-essential system
and the sparse difference resultant exists. We define Res(PPy, ..., [P;) to be the difference resultant of
Po,...,Pp.

Because each generic difference polynomial P; contains all difference monomials of order bounded
by s; and total degree at most m;, the difference resultant is sometimes called the dense difference
resultant, in contrary to the sparse difference resultant.

The difference resultant satisfies all the properties we have proved for sparse difference resultants
in previous sections. Apart from these, the difference resultant possess other better properties to be
given in the rest of this section.

7.1. Exact order and degree

In this section, we will give the precise order and degree for the difference resultant, which is of
BKK-style (Bernshtein, 1975; Cox et al., 1998).

Theorem 79. Let P; (i =0, ...,n) be generic difference polynomials of the form (13) with order s;, degree
m;, and coefficients u;. Let R(ug, ..., u,) be the difference resultant of P, ..., P,. Denote s = Z?:o si. Then
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R(ug, ..., uy) is also the algebraic sparse resultant of IP’BS*SO], ..., P~ treated as polynomials in Y's!. And
foreachie{0,1,...,n}andk=0,...,s —s;j,
ord(R,u;) =s —s; (14)
k
deg(R, u( )) M((Qj) ji.0<1<s—sj> Qi0s - - -» Qik—1, Qi,k+1,..., Qis—s;) (15)

where Qj; is the Newton polytope of IP’;D as a polynomial in Y and u (u(k) Vujy cu;-

Proof. Regard IP(k) i=0,...,n;k=0,...,s —s;) as polynomials in the n(s + 1) variables YI! =

{y1,--» ¥Yn> y?), e, y,(,U, AU yf), e, y,(.,s)} and we denote its support by Bj. Since the coefficients

u,gk) of ]P’,.(k) can be treated as algebraic indeterminates, IP’,.(k) are generic sparse polynomials with sup-
ports Bi, respectively. Now we claim that B is strong essential, that is

{Bix :0<i<n;0<k<s—s;} is an essential set.

B=
B={Bj:0<i<n;0<k<s—s;} jointly spans the affine lattice Z"¢+D,

C1)
C2)

Note that |B| =n(s + 1) + 1. To prove C1), it suffices to show that any n(s + 1) distinct IP’lfk) are
algebraically independent. Without loss of generality, we prove that for a fixed [ € {0,...,s — sp},

si={(PY

i )15i§n;0§k§s—si ’

(I-1) pl+1) (s—so0)
L PUED pUED L plsso)

k k) |
Py =1

of ]P’Ek). Choose a monomial from each ]P’,(k) and denote it by m(]P’,(k)). Let

is an algebraically independent set. Clearly, {y .,n} is a subset of the support

k) ck<]_ ) g<p <
mEd) =1 Ve TSI and me) =17 O5EE
yi° I+1<k<s—sg vy so+1<k<s-—sg.

For each i € {2,...,n}, let

(k)
ploy _ | Vi 0<k<Z] 05
m(P;") = (si+k) i-1 1<k< ,
Yitq Z] 0Sj+1<k<s—s.

[s] .

So m(S;)) is equal to {y : 1 < j <n}, which are algebraically independent over Q. Thus, the

n(s + 1) members of S; are algebraically independent over Q. For if not, all the P(k) (k) (]P(k) €S
are algebraically dependent over Q(v) where v=J_, [S S']\{u[S Sil} Now specialize the coefficient
of m(IP’(k)) in ]P’(k) to 1, and all the other coefficients of P(k) — u(k) to 0, by the algebraic version of
Lemma 2, {m(IP’i(k)) : IPfk) € S)} are algebraically dependent over @, which is a contradiction. Thus,
claim C1) is proved. Claim C2) follows from the fact that 1 and Y[ are contained in the support of
]P,([)s—sol'

By C1) and C2), the sparse resultant of (Pfk))of,»fn;ogkfs_si exists and we denote it by G. Then
6) = (P*)ociznozk=s—s) N QUuE wlS™] and by Theorem 67, deg(G,u®) =
MUQ) jzi0<tzs—s;+ Qior -+ Qik—1. Qikst. - - Qisos,), Where uf® = i), ....ul¥,...). The theo-
rem is proved if we can show that G =c - R for some c € Q.

Since G € [Py, ...,P;] and ord(G, u;) = s —s;, by Lemma 16, ord(R, u;) <s—s; foreachi=0,...,n.
If for some i, ord(R, u;) =h; <s —s;, then Re ((]P’(k))#i 0<k<s—s;+ Pi, - - ]P’(h")) a contradiction to C1).
Thus, ord(R, u;) =s—s; and R € (G). Since R is 1rreduc1ble there exists some ¢ € Q such that G =c-R.
So R is equal to the algebraic sparse resultant of [P[s ol [ plssl o

As a direct consequence of the above theorem and the determinant representation for algebraic
sparse resultants given in D’Andrea (2002), we have the following result.
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Corollary 80. The difference resultant for generic difference polynomials P; (i =0, ..., n) can be written as
the form det(D1)/det(Do) where D1 and Dq are matrices whose elements are coefficients of IP; and their
transforms up to the order s — s; and D¢ is a minor of D1.

Based on the matrix representation given in the above corollary, the efficient algorithms given by
Emiris and Canny (1995) and Emiris and Pan (2005) can be used to compute the difference resultant.

Corollary 81. The degree of R in each coefficient set u; is

S—Si

deg(R,u)) = ZM((sz)j;éi,oggs—sj, Qio: -+ Qik—1> Qikt1s - -+ Qis—s;)»
k=0

and the total degree of R is

n s—=Sj

deg(R) = Z Z M ((le)j#i,oilssfsj, Qio, -+, Qik—1> Qikt1s---» Qis—s;)-
i=0 k=0

Example 82. Consider two generic difference polynomials of order one and degree two in one
indeterminate y: P; = ujp + uo1y + ui2y® + uizy? + uiayy® + uis(yM)2,i = 0, 1. Then the de-
gree bound given by Theorem 74 is deg(R) < (2 + 1)* = 81. By Theorem 79, deg(R,ug) =
M(Q10, 911, Qoo) + M(Q10, @11, Qo1) = 8 + 8 = 16 and consequently deg(R) = 32, where Qg =
Q10 = conv{(0,0,0), (2,0,0),(0,2,0)}, Qo1 = Q11 = conv{(0,0,0), (0,2,0), (0,0,2)}, and conv(-)
means taking the convex hull in R3. By the proof of Theorem 79, R is the sparse resultant of
Py, 0 (Po), P1, 0 (7).

7.2. Poisson-type product formulas

In this section, we will give a Poisson-type product formula for difference resultant.
Let U= U?:o u; \ {ugo} and Q(u) be the transformally transcendental extension of Q in the usual

sense. Let Qg = Q(u) (ugo, . . ugso 50 1)). Here, Qo is not necessarily a difference extension field of Q,
for the transforms of ugy are not defined. In the following, we will follow Cohn (1948) to obtain
algebraic extensions G; of Qg and define transforming operators to make G; difference fields. Consider
R as an irreducible algebraic polynomial r(uoso_s(’)) in Qo[uéso_s‘))]. In a suitable algebraic extension field

of Qo, r(uos0 50)) — 0 has to = deg(r, uos0 s0)) — deg(R, uf)s(;sf’)) I00ts 1, ..., Yt,- Thus

R(uo, ... un)—Al'[ (ugo ™ = vr) (16)

where A € Qq. Let Zy = [Po, ..., Py] N Qfug, ..., u,}. By the definition of the difference resultant,
Zu is an essential reflexive prime difference ideal in the decomposition of {R} which is not held
by any difference polynomial of order less than s — sp in ugg. Suppose R,R;, Ry, ... is a basic se-
quence? of R corresponding to Zy. That is, Zy = k>0 asat(R, Ry, ..., Ry). Regard all the R; as algebraic

polynomials over the coefficient field Q(u). Denote ;o = y;. Clearly, uéso s0) — = Y70 IS a generic

zero of asat(R). Suppose yr; (i <k) are found in some algebraic extension field of Qp such that

(S_S°+i) =y (0<i<k) is a generic zero of asat(R,Ry,...,Ry). Then let y; x+1 be an element such

(s So+i)

that ug =yri (0<i<k+1) is a generic zero of asat(R,Ry, ..., Rk, Ri11). Clearly, yz k41 is also
(s—=so—1)

algebralc over Qq. Let G; = QW) (ugp, - . < Ugg , ¥z, Yr1,--.). Clearly, G; is an algebraic extension

4 For the rigorous definition of basic sequence, please refer to Cohn (1948). Here, we list its basic properties: i) For each
k>0, ord(Ry, ugg) =s —so +k and R, Ry, ..., Ry is an irreducible algebraic ascending chain, and ii) U,(ZO asat(R,Ryq, ..., Ry) is
a reflexive prime difference ideal.
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of Qp and G is algebraically isomorphic to the quotient field of Q{uo, ..., u,;}/Z,. Since the quotient
field of Q{uy,...,u,}/Zy is also a difference field, we can introduce a transforming operator o; into
G, to make it a difference field such that the above isomorphism becomes a difference one. That is,
orlg, =0lg, and
(k)
u 0<k<s—sp—1
ot = {18 0zkzs
Yt .k—s—sg k>s—sg
In this way, (G;, 07) is a difference field.
Let F be a difference polynomial in Q{ug, uy, ..., u,;} = Q{U, uge}. For convenience, by the symbol
Fl 650 _, » we mean substituting uE,SO_SOJrk) by o¥yr =y (k> 0) into F. Similarly, by saying F
00 —/T

vanishes at uf)so_s‘)) = ¢, We mean Flu(s—so)_y = 0. The following lemma is a direct consequence of
00 -t

the above discussion.

Lemma 83. F € Z, if and only if F vanishes at ugsofso) =V

Proof. Since Zy = Ukzo asat(R,Ry,...,Ry) and u(()so_sﬁ") =1y (0<i<k) is a generic zero of
asat(R, Ry, ..., Ry), the lemma follows. O

Remark 84. In order to make G; a difference field, we need to introduce a transforming operator o

which is closely related to y;. Since even for a fixed 7, generic zeros of asat(R, Ry, ..., Ry) beginning
from uffo_so> = yr may not be unique, the definition of o; also may not be unique, which is different

from the differential case. In fact, it is a common phenomenon in difference algebra. Here, we just
choose one, for they do not influence the following discussions.

Now we give the following Poisson type formula for the difference resultant.

Theorem 85. Let R be the difference resultant of Py, ..., P,. Let deg(R, u(()s(;SO)) = to. Then there exist &,
(t=1,...,to;k=1,...,n) in extension fields (G, o;) of (Q(u), o) such that

to
R=A[]PoGrr.....&m) ™, (17)
=1
with A € Q(ﬁ)[u([)sofsofu]. Note that (17) is formal and it should be understood as Pg(&; )50 2 5550y +
07 (X e (o) Uoa (EF DY) where & = (Er1..... £rn).

Proof. By Theorem 37, there exists m € N such that

JoR oR
Ugp—— u =mR.
ooau()0 + ; 0c Mioe

(s—s0)

Setting ug, ' = yr in both sides of the above equation, we have
JoR oR
Upo e | 600 + Zuo(x ou (s—s0) =
00 “00 0 =Yz o O ”00 0 =Yz
. . . s—s .
Let &ra = g/ 3ugg) |60 _,, - Then oo = =, toabra With ugy ™ = yr. That is, yr =
00 -

—07 (Y g toabra) = — (Y4 Uoabra) S50, Thus,

to (s—so)
R=A H(uOO‘FZanSIa) .
=1 o
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Suppose Po = ugo + > j_;Uojoyj + To. Let &; =

(21, ..., Exn). It remains to show that &4 = (E50))e.
Let ¢ = — Y, uig(YB)® (i =0,...,n). Clearly, { = (u,%,...,¢) is a generic zero of T, =

[Po, ..., Pal N Q{up, ..., uy}, where u= [, w;\{uio}. For each (Ylsoh)* = [T7_ 1(y<k))"”ﬂ< by Eg. (9),

/3U00)| o0, (j=1,...,n) and &

Llojo

— — k TR _
(Y[SO])a = BHOa/auoo - H] 11_[ 0((;)“0]0/3”00)( ))m)k where Tuow aan |u10 = So
W [Tj=1 TR0 (Grgg) ™ = gt Tl TR (g ) )™ € Zu. By Lemma 83, &g =

et I—[k:O(égj.))ka = N Thus, (17) follows. O

Theorem 86. The points & = (§71,...,&m) (T =1,...,tp) in (17) are generic zeros of the difference ideal
[P1, ... Poloquy. ... un){Y}-

Proof. Clearly, & are n-tuples over Q(uj,...,up). For each i =1,...,n, rewrite P; = uj +
; T . SN
Yo tie [Ty T, /). Since & = =Yg uia [T T, (7§70 and yj = g /500, & +

D o Ui l_[?:d_[ ((augo/aiﬁo)(k))“ik = 0. Let aj, = maxy @k, then ujp[]j_ N ((Buoo)(k))a]k +
Yoo tia [T TTizq (R ) 0@k (R 05 e T, Thus, by Lemma 83, Pi(¢) = uip +

Ugjo
Yo tio [Tjy [Ty €80y =0 =1
On the other hand suppose F € Q(uq,...,u,){Y} vanishes at & . Without loss of generality,
suppose F € Q{uy,...,uy, Y}. Clearly, Py,...,P, constitute an ascending chain in Q{uy,...,u,, Y}
with ujo as leaders. Let G be the difference remainder of F with respect to this ascending chain.
Then G is free from ujg and F = Gmod[Pq,...,P,]. Then G(;) = G@U; &1, ..., &m) = 0, where
= JL uj\{ujo}. So there exist a, € N such that G; = ]_[k(((;’R Y®)% G, Y) € Zy. Thus, G; van-

ishes at ujp=¢; (i=1,...,n) while ai% does not. It follows that G(W; Y) =0 and F € [Py, ..., P;].
So &; are generic zeros of [P1, ..., Pylou,,.. u)(y). O

By Theorems 85 and 86, we can see that difference resultants have Poisson-type product formula,
which is similar to their algebraic and differential analogues.

We conclude this section by proving the following theorem, which explores the relationship be-
tween the difference resultant and the solvability of the given systems.

Theorem 87. Let R be the difference resultant of Po, ..., Pn. Suppose when each w; is specialized to v;, P; is
specialized to P;. If Pg = - - - = P, = 0 has a common difference solution, then R(vo, ..., v4) = 0. Moreover,
ifR(vg,...,vp) =0 and (’R (vo, ..., Vp) #0, then Py = - - - = P, = 0 has at most one solution (y1, ..., ¥n)

with each y, = (r)uok / r)uoo )(vo, ..., Vp), Where ugy is the coefficient of yy in Po.

Proof. Suppose P; =ujo+T; (i=1,...,n) and u=JL,u;\{ujo}. Clearly, (Y; u, —To(Y),..., —Tn(Y))
is a generic zero of [Po,...,Pnlov;ug,....un)- Taking the partial derivative of R(u; —To(Y),...,
—Ta(Y)) =0 wirt. ug, we can show that aiﬁoy LR € Po,....Pal (k=1,...,m). If Pp=-=

=0 has a common solution &, then (&¢;vp,...,Vy) is a common solution of [IP’O, ..., IPy]. Since Re
[Po, ..., Py], R must vanish at (vg,...,vy). Now suppose R(vo,.. ,Vp) =0 and ¥ 0(vo,...,vn) #0.

If (J1....,¥n) is a common solution of P; =0, then each augo Yk — % vanishes at (¥1, ..., ¥n; Vo,

.,Vp). Thus, y, = (duOk/duoo)(vo’” ,Vp), since duoo (vo, ...,Vp) # 0. Hence, the second assertion
holds m]

Remark 88. If Problem 23 can be solved positively, then Theorem 87 can be strengthened as follows:

If R(vg, ...,v;) =0 and ail;(, (o, ..., V) #0, then Py =--- =P, = 0 has a unique solution (j1, ..., yn)

with each j = (duOk/dZ'éo)(vo, V).
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8. Conclusion and problem

In this paper, we first introduce the concepts of Laurent difference polynomial and Laurent trans-
formally essential system and give a criterion for a difference polynomial system to be Laurent
transformally essential in terms of its supports. Then the sparse difference resultant for a Laurent
transformally essential system is defined and its basic properties are proved. Furthermore, order and
degree bounds for the sparse difference resultant are given. Based on these bounds, an algorithm
to compute the sparse difference resultant is proposed, which is single exponential in terms of the
Jacobi number, the number of variables, and the size of the system. Besides these, the difference re-
sultant is introduced and its basic properties are given, such as its precise order and BKK style degree,
determinant representation, and a Poisson-type product formula.

We now propose several questions for further study apart from Problem 23.

The degree of the algebraic sparse resultant is equal to the mixed volume of certain polytopes
generated by the supports of the polynomials as shown in Pedersen and Sturmfels (1993) or Gelfand
et al. (1994, p. 255). And Theorem 79 shows that the degree of difference resultants is exactly of such
BKK-style. It is desirable to obtain such a bound for sparse difference resultant. For more details, see
Remark 71.

There exist very efficient algorithms to compute algebraic sparse resultants (Emiris, 1996; Emiris
and Canny, 1995; Emiris and Pan, 2005; D’Andrea, 2002), which are based on matrix representations
for the resultant. How to apply the principles behind these algorithms to compute sparse difference
resultants is an important problem.

In the algebraic case, it is well known that the resultant vanishes if and only if the corresponding
system of homogenous polynomials has common solutions in the projective space (Hodge and Pedoe,
1968). So it is interesting to see whether this result can be extended to the difference case. However,
the corresponding result in the difference case might not be valid due to the reason that the projec-
tive difference space is not complete as shown in Theorem 46. In algebraic geometry, the fact that
the projective space is complete plays a crucial role. Moreover, comparing with their algebraic and
differential counterparts, difference fields have many surprising phenomena (Cohn, 1952).

Algebraic resultants and sparse resultants have many interesting applications (Canny, 1990; Cox et
al.,, 1998; Emiris and Mourrain, 1999; Gelfand et al., 1994). It is desirable to develop the corresponding
theory for difference polynomial systems based on difference resultants.
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